Chapter 4

Outliers, Influential observations
and missing data.

Based on Pefa et al. (2000), Chapter 6
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4.1. Types of outliers in time series.
4.2. Procedures for outlier identification and estimation.
4.3. Influential observations.

4.4. Multiple outliers.
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4.5. Missing-value estimation.

4.6. Forecasting with outliers.



Two (complementary)approaches:

Diagnostic approach: outliers are indentified on the
residuals; a joint model is estimated; we obtain an
estimation of the outlier effects and robust parameter
estimates.

Robust approach: the estimation method is modified so
that the estimates are not contaminated by the presence
of outliers.
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Assumptions: the outliers happen on a time series
which can be modelled by,

¢(B)Vd Yi = Q(B)at

The model could be written in AR or MA forms:

7(B)Yy, =& Yy, =w(B)a,

* all the usual assumptions still apply.
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CHAPTER 4. OUTLIERS, INFLUENTIAL AND
MISSING.

4.1. Types of outliers in time series.
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TYPES OF OUTLIERS IN TIME SERIES.

- Additive outliers (AO). Correspong to an external error or

exogenous change of the time series ar a particular time

point _
{J’t t#T 5

Z; = . 3

Vit + Wy t=T 7

where T is the time at which the outlier occurs and wy is th

magnitude of the outlier.
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TYPES OF OUTLIERS IN TIME SERIES.

- An alternative representation is,
_ (T)
Zy = wyl, ~ + Y (B)a,

where It(T) is a dummy variable which is zero at all lags
except attime t = T. Equivalently

a, = n(B) (zt — a)AIt(T))

(£T0Z) Sa118s awinl 01 uUONINPOIIU|



TYPES OF OUTLIERS IN TIME SERIES.

An AO can have serious effects on the properties of
the observed time series:

It will affect the estimated residuals.

It will affect the estimates of the parameter values.
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TYPES OF OUTLIERS IN TIME SERIES.

Estimated residuals. Assuming known parameters,
the residuals if the AO does not occur could be
obtained by

a, =7 (B)y,

Whereas in the case of AO, they are obtained as

e, =7 (B)z, =z(B)(y, +a)A|t(T))
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TYPES OF OUTLIERS IN TIME SERIES.

The relation between them is,

e, =& +7(B)w,l”

So the effect of the AO on the residuals depend on
the ;7 weights. In a AR model, p residuals will be
affected.
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TYPES OF OUTLIERS IN TIME SERIES.

Estimated parameters: Consider a simple AR(1) . The
least-square estimate Is

o Z yt yt—l
P, $y2

In case of an AO the estimate Is

22,74
2
2. Z,

b =
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TYPES OF OUTLIERS IN TIME SERIES.

It can be shown that,

W, —>0=¢—0

In general, a large AO will push all the autocorrelation
coefficients towards zero.
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TYPES OF OUTLIERS IN TIME SERIES.
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TYPES OF OUTLIERS IN TIME SERIES.
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TYPES OF OUTLIERS IN TIME SERIES.

EE EViews - [Series: AY Workfile: UNTITLEDAUntitied] T s

[ File Edit Ohbject Wiew Proc Quick Options  Window Help
Wiy I Proc I Dt:je::tl Propertie= I Printl MMame I Fresze I Sample I Semr I Sheetl Stats | Identl Lime I Ear I

Date: A5/290911 Time: 08-438
Sample: 1 1000
Included cbservations: 1000

Sutocorrelation Fartial Correlation A |t LN s D-Stat FProk
[ I— L I— 1 0828 0.828 685.01 0_.000
[ I— 11 2 0,682 -0.012 1155.3 0_.000
[} I— | 1 3 0568 0,018 1479 2 0_000
L — 11 4 0475 0007 1700 0000
[ I— il 5 04068 0,029 18720 0_.000
[ I— 11 65 0.345 0006 19920 0_.000
[ I 11 ¥oo0.Z2a6 -0.021 20746 0_000
[ | 11 8 0233 -0.013 21296 0_000
/3 11 9 o189 -0.003 216s.7 O0_.000
1|43 11 10 0153 -0.003 21893 0_.000
[ 11 11 0120 -0.012 22039 0_.000
A 11 12 0090 -0.012 22121 0_000
A 1 13 0090 0074 22203 0_000
a il 14 0095 0.028 2229 c 0000
g il 15 0110 0.041 22419 0_000
(| LIN 16 0.099 0052 22519 0_000
g 11 17 0079 -0.027 22583 0_.000
(1] 11 18 0057 -0.021 2261.&c 0_000
(1] 11 19 0,043 0005 22635 0000
m 1y 20 0030 -0.014 2264 4 0_000
n 11 21 0017 -0.012 2264 F 0_000
1 11 22 0,002 0015 2264 F 0_000
[} I 11 23 0019 -0.0323 2265.1 0_.000
L 1[N 24 -0.019 0.047 2265.5 0.000
J L 11 25 0017 0008 22658 0_.000
LI gl LIN 26 -0.034 0087 2267.0 0_.000
LI ] 11 27 -0.054 0024 22700 0O0_000
LI ] il 28 -0.052 0.041 22¥2.8 0.000
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TYPES OF OUTLIERS IN TIME SERIES.

EE Eviews - [Series: AZ  Workfile: UNTITLEDWUntitiedl

3 File

Edit

Ol ject

W= | FProc | C:Il::-jectl Froperdes |

R — T

Prococ

P'rintl MNams= | Fre=ezse |

Cruaic ke

O pticons

Wi d oo

Hel

Sampils | Genr || She=t| Stats || tdent| Line | Bar

Dhate: OS,290511 Timme: 0351
Sarmple: 1 1000
Included obsaervations:- 1000
Aoatocorrelation Fartial Corr=lation N | SN (2 -Stat Frok
| I I— | | I — | 1 0o 499 o499 2499 43 o_oo0
LI I— | Ly — | = 0O 405 Oo_ 209 A14 39 o_oo0
LI I— [ i | = 0_=49- o_112 533 46 o_ o000
[ — | g = 0o_30=2 o722 524 99 o_ 000
LI — | g = 0_=7- o 0ssS TOoOo 41 o_ 000
[ — 1 = 0232 o018 TaA 549 o_000
LI g1 T’ o173 00235 Faeda . a7 o_oo0
1/ g 1 = o123 -0 0O37 a9 52 o_ o000
14 B =9 o009 -0 _0=21 S0s3 37 o_ o000
1 1 10 o_105 o_0g-9 SZ20_ =2 o_ 000
[ 1yt 11 O 0oOFs 0. 011 S25_ 99 o_ 000
1 1yt 1= O 0SS -0 009 S29_ 12 o_000
m 1t 13 o041 -0 004 S30_79 o_oo0
1 I 14 L I iy | o_O27 2332 _39 o_ o000
g 1| 15 O 0O7FsS o053 839 50 o_ o000
1 Hig 16 O 045 0O 025 S41 56 o_ 000
1 1 17 0_045 o005 843 73 o_ 000
m 1t 15 Oo.0=3S8 —-0_ 001 S5 2 o_oo0
1 1t 19 0_0- o013 S4 719 o_oo0
1 1 =20 o045 o_o0o7F S549 55 o_ o000
1m 1 =21 o038 -0 00 851 _04 o_ o000
1m 1 =2 O 029 0 00 851 _91 o_ 000
1 1yt =23 o o1 -0 011 aas= 18 o_ 000
m 1t =24 o_Qo=27 O_015 o2 94 o_oo0
m 1t =25 o_Q02s -0 002 Ss3 .59 o_oo0
1 1 =25 o014 -0 _00s 2532 _ 350 o_ o000
i B =27 o o004 -0 011 8as3 a2 o_ 000
1 1 =28 o015 o019 a5 05 o_ 000
1 1 =29 o019 o_o10 S5 42 o_000
i g1 =0 o001 -0O_02%5 S5 42 o_oo0
i Iyt 1 0. 007 —-O_013 S5 47 o_oo0
L} B FZ2 0.01s -0 014 254 T2 o_ o000
1 1 = m e m - e T M
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TYPES OF OUTLIERS IN TIME SERIES.

- Innovative outliers (AQO). Correspond to an internal error or

endogenous effect on the noise of the process

B Vi t<T
Zt_{yt+w,1/)j t=T+j,j>0

%-OZ) Sol1aS awll] 0] uoldNpPoJIu|

where T is the time at which the outlier occurs and wy is t

N

magnitude of the outlier.
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TYPES OF OUTLIERS IN TIME SERIES.

An alternative representation is

z = p(B) (0" +a,)

I

where is an indicator variable which is zero at all lags

except at time t = T. Equivalently,
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TYPES OF OUTLIERS IN TIME SERIES.

- Estimated residuals: for any ARIMA model

er = dAr — Wy
€T+j = AT+
forj >0

- Parameter estimates: In an AR(1)

if wp = 0= ¢ > P
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TYPES OF OUTLIERS IN TIME SERIES.
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TYPES OF OUTLIERS IN TIME SERIES.

L_1 File Edit Ohject  Wiew Proc Ouick Cipticns Window Help
Wieww | Froc I Clbjectl Properties I F"rintl Mame I Freseze I Sample | Genr | Sheset | Stats | In:lentl Lime I Bar |

Date: 052911 Time: 0903
Sample: 1 1000
Included observations: 1000

Aautocorrelation Fartial Correlation A PAauc -Stat Frokb

0.824 0.824 630.88 0.000
0672 -0.0217 1134.0 0.000
0855 0,023 1444 0 0.000
0461 0004 1657.6 0.000
0.393 0.034 1813.2 0.000
0.337 0.004 1927V.5 0,000
0280 -0.024 2006.6 0.000
022y -0.017 2055.6 0.000
O186 00068 20934 0.000
0O.164 0037 21207 0.000
0141 -0.016 2140.8 0.000
0122 0007 2155.9 0.000
0123 0.055 21712 0.000
0128 0,027V 2187V.g 0.000
0138 0.034 22072 0.000
o116 -0.07y9 22210 0.000
0.09gs 0,007V 2230.F 0,000
0.0¥Fs -0.017F 2236.9 0.000
o088 0017 22416 0.000
0062 -0.002 2245 &5 0.000
0054 -0.005 2245 5 0.000
0045 0,003 22506 0,000
0.031 -0.019 22516 0.000
o040 o052 2253 2 0.000
0050 0008 22557 0,000
0042 -0.036 2257.5 0.000
27 00258 -0 031 2258 1 0 000
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TYPES OF OUTLIERS IN TIME SERIES.

- Level Shift outliers (LS). Correspond to a modification of the

local mean or level of the process starting from a specific point
and continuing until the end of the sample.

_{yt t<T
Zt_yt+(1)L t=>T
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- It can be seen as a sequence of AO's of the same size.

Note: a level shift can transform a stationary into a nonstatonary

series.
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TYPES OF OUTLIERS IN TIME SERIES.
The model for this type of outlier is
T
Z, = a)LSt( ) 4 Y(B)a;

where St(T) is a step function that takes the value 0 before
and lbyt >T.

I

(T)
g\
t (1-B)
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The model can also be written as

n(B) (zt — a)LSt(T)) = a,
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TYPES OF OUTLIERS IN TIME SERIES.

- The effect of a LS on the residuals and on the parameter
estimates can be strong. Assuming known parameters

(B
5™ (B)

— (T)
= a; + a _B)‘ULIt

e, =a, +n(B)w,

- This means that all residuals after the LS can be affected
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TYPES OF OUTLIERS IN TIME SERIES.

- The effect of a LS depends on (1) the model and (2) the
distance between the time at which the LS occurs and the end

of the observed sample.

- Forn — T not too small
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w;, >0=>1,1)-1
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IF THE SHOCK OCCURS AT THE MIDDLE OF THE SAMPLE
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B EViews - [Series: SZ Workfile: UNTITLEDA\Untitled] 0

[ File Edit Object View

View | Proc | Cll:h_'iectl Properties I F"rintl Mame | Fresze | Sampl= I Genr I Sheet| Stats In:lentl Lime I Bar |

Proc Juick

Options

Wirndow Help

Date: 052911 Time: 0911
Sample: 1 1000
Included observations: 1000

Autocorrelation Partial Coarraelation A PAacC D-Stat Prob
1) I | 1) I 1 0.985 0.985 973.68 0.000
L1 I 1 2 0973 0,082 1923 4 0_.000
L) I (| 3 09683 0.089 2854 5 0.000
L) I ] 4 0954 0.048 37695 0.000
LI} I 1 5 094 0082 46722 0.000
LI} I ] 6 0941 0.048 &s8564 5 0.000
L) I | 1 To0.934 0003 6445 4 0.000
L) I | i 8 0,928 0020 ¥F¥315.3 0.000
L) I | a1 9 0922 0010 8174 .5 0.000
L) I ]l 10 0.91%F 0.0585 9025 5 0.000
[} I— a1 11 0912 0.01F 9868.6 0.000
[} I— a1 12 0.908 0.015% 10704. 0.000
[} I— a1 13 0.903 0.024 11532 0.000
[} I— I 14 0.900 0.036 12355 0.000
[} I— ] 15 0,897 0.044 13173, 0.000
1) I— O 16 0.892 -0.063 13933. 0.000
1) I— 1 17 0887 -0.000 14785. 0.000
1) I— 11 18 0.881 -0.035 15576. 0.000
1) I— I 19 0876 0.026 16359. 0.000
1) I— 1 20 0.87V1 0,004 17134, 0_000
1) I— 1 21 0.866 -0.008 17902. 0.000
1) I— a1 22 0.861 0,014 18662. 0.000
) I—— 11 23 0.856 -0.013 19414. 0_000
) I—— 1 24 0.853 0,087 20162. 0.000
) I—— 1 25 0.850 -0.001 20904_. 0_000
) I—— 11 26 0.846 -0.022 21640. 0_000
) I— 11 27 0.841 -0.016 22368. 0.000
) I— ] 28 0.838 0,044 23092. 0.000
) I— 1 29 0.834 -0.000 23810. 0_000
1) I— q! 30 0.829 -0.0465 24520. 0.000
[} I— N 31 0.824 -0.019 25223, 0,000
[} I— N 32 0.819 0.007 25918. 0.000
[ —— | 1 m = m S e m M= EEMNTTE M MAfnmn
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EFH Eviews - [Series: SZ  Workfile: UNTITLED\Untitled] 0

3 File Edit Object  Wiew Proc Quick Options
Wiewe | Proc | l:lbjectl Froperties | F"rintl Mame | Freeze | Sample | Genr | Sheetl Stats | IdErItl Line | Bar |

Windows Help

Mull Hypothesis: S2 has a unit root
Exogenous: Constant

Lag Length: 0 {(Automatic based on SIC, WMAXKLAG=21)

t-Statistic Frob_*
SAugmented Dickewyw-Fuller test statistic -2 B68132 0_0500
Test critical values: 1% level -3 436676
5% level -2 864222
10%%6 lewvel -2 568250
*MWMacklinnon (1296) one-sided p-values.
Augmented Dickey-Fuller Test Eguation
Dependent Wariable: D{SZ)
Method: Least Sguares
Crate: 052911 Time: 0913
Sample (adjusted)}: 2 1000
Included cbservations: 999 after adjustments
Wariable Coefficient Std. Error t-Statistic Prob.
S2(-1) -0 012272 0004599 -2 668132 0.0073
Z 0.239513 0087805 2. T27T7a0 00065
R-sguared O_007090 Mean dependent var 00263829
Adjusted R-sguared 0005094 S D dependent var 1167294
S E. of regression 1163732 Akaike info criterion 3143141
Sum sguared resid 13502059 Schwarz criterion J_ 152964
Log likelihood -1567.9949 F-statistic 7118930
Curbin-YWatson stat 2038138 Frobi{F-statistic) 0007751
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IF THE SHOCK OCCURS AT THE END OF THE SAMPLE
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EH EViews - [Series: SZ2  Workfile: UNTITLEDAUntitled] -

[ File Edit Ohbject Wiew Proc (Quick Options Window Help
Wi I Proc I Ol:hjectl Propertices I F'rintl Mame I Frecze I Sample I Senr I Sheetl Stats I Identl Lime I Bar I

Date: 0529511 Time: 0916
Sample: 1 1000
Included cbservations: 1000

Aoutocorrelation Fartial Correlation A P 22-Stat Frob
) I o958 0958 921.15 0.000
1| o922 0050 AFFs5.5 0.000
1| 0. 892 0047 25744 0_.000
1 0864 0.02¥ 33246 0.000
1 0840 00465 4034 F 0.000
1

Q.317 0,012 47073 0.000
0o_va9zZ -0.025 5340.3 0.000
o.vyseg9 0.018 5938.2 0.000
o.7r4y -0.005 65022 0.000
10 0.vV24 -0.015 7FO32.3 0.000
11 0701 -0.009 75301 0.000
12 0,677 -0.019 V995 .6 0.000
13 0,656 0.015 84328 0.000
11 14 0.6838 0.028 8846.7 0.000
11 15 0,823 0.029 92Z241.0 0.000

1 16 0604 -0.029 9513.1 0.000

1 17 0886 -0.005 99534 0.000

1 18 0864 -0.062 10283. 0.000
L 19 0.543 0.005 1058959 0.000

1

1

1

1

Wo=ommsWwh =

1]
1
i
1

1

1

1

1

1

20 0.522 0026 10867. 0.000
1 21 0500 -0.0Z20 11122. 0.000
1 22 0479 0012 11357, 0.000
1 23 0458 -0.011 11572 0.000
il 24 0440 0026 117F71. 0.000
L 25 0423 0005 11955. 0.000
J L 26 0404 0020 12124 0_.000
L 27 0387 0012 1227Va. 0.000
il 28 0.374 0,039 12422 0.000
1 29 0.360 -0.00%2 12555 0.000
1

=

|
! 30 0344 -0.026 1267V8. 0.000
! 31 0326 -0.046 112¥Vas. 0.000
! 32 0.309 -0.004 A1z2g8c. 0.000
1

=3 Lo T S T [ = 40T A M mmm

. |

muuuUHUUHHHHHHHHHHHHHHHHHWWWH
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EH EViews - [Series: SZ2  Waorkfile: UNTITLECA\Untitled] 0 -

[ File Edit Ohbject Wiew Proc Quick Options Window Help
WiEwy | Froc | Cll:i_'ie::tl Froperties | F"rintl rMame= | Fresze | Sample | SErr | Sheetl Stats | In:lentl Lire | Ear |

Mull Hypothesis: S22 has a unit root
Exogenous: Constant
Lag Length: 0 {(Automatic based on SH2, MAKLAG=21)

t-Statistic Frob. ™
ASugmented Dickeyv-Fuller test statistic -3_ 386270 00117
Test critical values: 1% level -3 436676
5% level -2_ 864222
10%% lewvel -2_ 568250
*Mackinnon {1996} one-sided p-values._
Avugmented Dickey-Fuller Test Eguation
Crependent Wariable: D{S22)
Method: Least Squares
Date: 0529511 Time: 09217
Sample (adjusted): 2 1000
Included ocbservations: 999 after adjustments
Wariable Coefficient Std. Error t-Statistic Frob.
SA2(-1) -0_024724 O_007301 -3. 386270 O_00o0¥
Z 0_305831 00920534 3.387253 O_ooorw
R-squared O.01137F1 PMean dependeaent wvar 00265829
Adjusted R-sguared O.010379 S5 0. dependeaent var 1. 175253
S5 E. of regression 1169138 HAdkcaike info criterion 3152411
Sum squared resid 1362 754 Schwarz criterion 3162234
Log likelihood -1572. 629 F-statistic 1146683

Churbin-Y"Watson stat 2053427 Frob(F-statistic) 0. 000736




TYPES OF OUTLIERS IN TIME SERIES.

- Qutliers and intervention analysis The types of outliers studied
can be considered as particular cases of interventions in a time
series (Box and Tiao, 1975)

z, = wVBI" +Y(B)a,
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in which V(B) is the transfer function of the intervention.
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TYPES OF OUTLIERS IN TIME SERIES.

Among many others:

-AO: V(B) =1

-10: V(B) = 1/t (B)

-LS: V(B) = 1/(1 _B)

-TC: V(B) = 1/(1 _ §B)
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CHAPTER 4. OUTLIERS, INFLUENTIAL AND
MISSING.

4.2. Procedures for outlier identification and
estimation.
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PROCEDURES FOR OUTLIER IDENTIFICATION.

In order to eliminate the effect of an outlier in a given
time series it is necessary to:

(1) detect the time at which the outlier happens
(2)identify the type of outlier

(3)remove its effect by estimating a model in which the
outlier is incorporated

(£T0Z) Sa118s awinl 01 uUONINPOIIU|
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PROCEDURES FOR OUTLIER IDENTIFICATION.

Overview of the automatic procedure.

At each time point, we analyze what will be the most
lykely type of an outlier (likelihood ratio for the types
considered)

We choose as the candidate outlier timepoint the one
that has smallest p value and as outlier type the
corresponding outlier effect

Fit the appropiate intervention model to remove he
outlier effect.
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PROCEDURES FOR OUTLIER IDENTIFICATION.

One outlier-parameters known. Consider the
Intervention model

2, =V (B)ol” +y(B)a, =V (B)al” +Yy,

The model could be rewritten in regression form,

L, = D:(T)a)+ Yi
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Where Dt* (r) =V (B) |t(T) is a (nx1) vector
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PROCEDURES FOR OUTLIER IDENTIFICATION.

IN matrix notation

Z=D'w+Y

where %
Z=(2,..,2.) (nx1) :

Y =Yy Yy) (nx1) =

D" = (D; (¢),...D;(z)) (nxn)

38



PROCEDURES FOR OUTLIER IDENTIFICATION.

This model is a multiple regression model with
autocorrelated residuals that can be estimated by
GLS. Once we obtain

e=Dw+a
where

D=L"D" e=L"Z a=L"Y
Var(Y)=0Q Q=L'L

(£T0Z) Sa118s awinl 01 uUONINPOIIU|
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PROCEDURES FOR OUTLIER IDENTIFICATION.

It Is possible to estimate the effect of the outlier as
@=(D'D)"'D'e var(®)=(D'D)"c’

Hint:
L* =D,'D,
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the matrix of 77 weights (slide 49-lesson 1)
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PROCEDURES FOR OUTLIER IDENTIFICATION.

To test the null hypothesis that the observation
at t = 1 is not an outlier we use the likelihood ratio

N

w

= \/var(v’\\/)

which assuming known parameters follows a
N(O,1) distribution
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PROCEDURES FOR OUTLIER IDENTIFICATION.

If we don’t know the outlier type, then the
statistic

n(z, 1) = max{|A,|} i = A0,10,LS,TC
l

Finally, if the period is also unknown

n= rtnaX{Tt,It}
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42



if

PROCEDURES FOR OUTLIER IDENTIFICATION.

Citerion: an AO at time t = 7 will be detected

n = |)114;r | > C

where Cis a predetermined constant (3-4)

(£T0Z) Sa118s awinl 01 uUONINPOIIU|
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PROCEDURES FOR OUTLIER IDENTIFICATION.

Multiple outliers-iterative procedure.

Model is fitted by ML assuming no outliers, obtain
residuals

Compute the LR for any timepoint and any outlier type.

If an outlier is detected, correct its effect on the
residuals are corrected.

Compute again the LR for the new residuals. Repite
until no new outliers can be identified.
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PROCEDURES FOR OUTLIER IDENTIFICATION.

5. Estimate jointly the sizes of the identified outliers and the
parameters, assuming k outliers

K .
2= SN, (B +y(B)a
J:

6. Eliminate the non-significative outliers and re-start the
process.
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CHAPTER 4. OUTLIERS, INFLUENTIAL AND
MISSING.

4.3. Influential observations.
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INFLUENTIAL OBSERVATIONS.

We may have points that are no detected as outliers
and that still have a strong influence on the parameter
values of the model and hence on the forecasts.

The detection of influential observations is important
to understand the sensitivity of the parameter values
to a small fraction of the data.
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INFLUENTIAL OBSERVATIONS.

One possible way of measure the influence of an
observation is by making it a missing value(substitute
It by its conditional expectation given the rest of the
data).

Consider the AR(h) approximation of an ARIMA model

h
Yi = i—%ﬂi Yioi T &
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INFLUENTIAL OBSERVATIONS.

Then measure of the influence of observation
t = 7 on the parameter values is

(ﬁ- _ ﬁr),2;1 (ﬁ- _ ﬁ-r)
hé2

Pn(T) —

it is the MLE (maximum likelihood estimation)
of the parameters

(£T0Z) Sa118s awinl 01 uUONINPOIIU|

ii.is the MILE assuming t = T is missing
Y 62 is the variance matrix of .

h is the number of parameters. .



INFLUENTIAL OBSERVATIONS.

The influence measure can be written as

(Z-2m) (2~ Za))

P;(T) = -

where

AN

7 =X
Zry = X, Bty

Zp Z1
XZ :( : : )
Zt—l nna Zt—h
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INFLUENTIAL OBSERVATIONS.

N

7 =X
Zry = X, ATy

Zp Al
X, :( : : )
Zt—l nna Zt—h

Z and Z(T) are the estimated vectors of forecasts computed féom

9lI®S aWll] 0] uolldNpPo.Ju|

(£T02) S

the two parameter vectors.
(Z-2¢)) (Z=21)) = (R = fory) (XX (R — Ry)
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INFLUENTIAL OBSERVATIONS.

The advantage of the last expression is that it can be computed
by the ARIMA representation of the model and the AR
approximation is not required.

h=p+q 2
Pefia (1987) also proposed to measure the change on ’éﬁe
variance by 5
A2 A2 =
0°“—0 G
(T) £
D,(T) = —F= 5
9(r)

where 6(2T) corresponds to a model in which observation T is

assumed to be missing. 5



CHAPTER 4. OUTLIERS, INFLUENTIAL AND
MISSING.

4.4. Multiple outliers.

(£T0Z) Sa118s awinl 01 uUONINPOIIU|

53



INFLUENTIAL OBSERVATIONS.

The method just presented works well when the series has a
single outlier or a few isolated outliers.

However, sometimes the series is subject to patches of outli
that may produce masking

(£T0Z) Sallas awi 0 uom@nm

The generalization of the outlier model for k outliers is

k
T
2= ) aViBI +y,
=1
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INFLUENTIAL OBSERVATIONS.
This model can be written as

€ = xéﬁ + a;

W1
Wi
X1t
xt :< ; )
Xkt

T
xie = (B, (B

where

with
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INFLUENTIAL OBSERVATIONS.

Qutlier identification methods are based on estimated the
effects of the outliers one by one.

These procedures are expected to work well when t
matrix (X7, x,x,') "1 is roughly diagonal.

T0Z) SeLIas aui o%&mnponu.

but may lead to serious biases when the series have patchgs
of additive outliers and level shifts.

56



INFLUENTIAL OBSERVATIONS.

For an innovational outlier x;; =It(T"), and therefore the
estimation of its effect is typically uncorrelated with other

effects

(T)
t

-

and e

However, for additive outliers x;, = m(B)I

correlation between the effects of consecutive additive outliers

(€T0Z) SRS audtt0} uonoNpoU|

can be very high.

57



INFLUENTIAL OBSERVATIONS.

For example, suppose that we have two consecutive additive
outliers of magnitudes w; and w, attimesT and T + 1

The expected value of the estimator of w; assuming that it is
the only outlier

n—T-—1
E ~(s)) _ n i=0 TiTliq
Wy ] = W1 T W n—T 2
i=0 T¢;

(£T0Z) S81J8s a1} 01 UONONPOIIU

When the parameters are unknown, the problem is still more
series because a sequence of additive outliers can produce
important biases on the parameter estimates. 58



CHAPTER 4. OUTLIERS, INFLUENTIAL AND
MISSING.

4.5. Missing value estimation.
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MISSING VALUE ESTIMATION

The study of additive outliers and influential observations in
time series is closely related to missing-value analysis because
an outlier at T implies that the true value at this point is not
observed.

Suppose first that we have a stationary time series with a

missing observation at time T.

(£T0Z) Sa148s sW ¥} UoNINPO.IIU|

The estimation of the missing value is called the interpolation
problem and it is solved by computing the expectation of the
observed random variable given the rest of the data 60



MISSING VALUE ESTIMATION

Grenander and Rosenblatt (1957) showed that this
expectation is given by

E(ZT/Z(T)) = _2 6;(Zr4; + zp—;)
i—1

where
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0; are the inverse autocorrelation coefficient,

Zy includes all the data but the missing value.
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MISSING VALUE ESTIMATION

A simple way to define the inverse autocorrelation function
can be found in Pefla and Maravall (1991)

poju
-y
(D

Define the dual process of an invertible ARIMA model as
ARMA process

0(B)z, = qb(B)Vdat

that is, the dual process is built by interchanging the role o
AR and MA operators

he

(€T0ZY 30195 3w} 0} Uopon

Then the autocorrelation function of the dual process is the
inverse of the autocorrelation function of the original prog€gss.



MISSING VALUE ESTIMATION

Estimation of missing values

(1) Performed a first interpolation of the missing valueg
identify the ARIMA model and estimate its parameters by
ML in the completed series

a¥XT10Z) S9148S Wil 0

(2) obtain the inverse autocorrelation coefficient s an
compute the optimal interpolators of the missing values.

This procedure can be iterated o



CHAPTER 4. OUTLIERS, INFLUENTIAL AND
MISSING.

4.6. Forecasting with outliers.
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FORECASTING WITH OUTLIERS

Usual measures of forecast uncertainty take into account two

sources of variability

1) Presence of noise in the model

2) parameters are unknown and must be estimated

However, no attention is given to model uncertainty: the
structure of the model is unknown. This is the most

important source of uncertainty in most cases.

Models with changes in regimes (Unit 6)...
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