
Ann. Inst. Statist. Math. 
Vol. 55, No. 4, 765-796 (2003) 
Q2003 The Institute of Statistical Mathematics 

RESAMPLING TIME SERIES USING MISSING VALUES TECHNIQUES 

ANDRI~S M. ALONSO 1'2, DANIEL PENA 2 AND JUAN ROMO 2 

1Department of Mathematics, Universidad Aut6noma de Madrid, 28049-Madrid, Spain 
2 Department of Statistics and Econometrics, Universidad Carlos III de Madrid, 28903-Getafe, Spain 

(Received October 17, 2001; revised January 31, 2003) 

Abst rac t .  Several techniques for resampling dependent data have already been 
proposed. In this paper we use missing values techniques to modify the moving 
blocks jackknife and bootstrap. More specifically, we consider the blocks of deleted 
observations in the blockwise jackknife as missing data which are recovered by miss- 
ing values estimates incorporating the observation dependence structure. Thus, we 
estimate the variance of a statistic as a weighted sample variance of the statistic 
evaluated in a "complete" series. Consistency of the variance and the distribution 
estimators of the sample mean are established. Also, we apply the missing values 
approach to the blockwise bootstrap by including some missing observations among 
two consecutive blocks and we demonstrate the consistency of the variance and the 
distribution estimators of the sample mean. Finally, we present the results of an 
extensive Monte Carlo study to evaluate the performance of these methods for finite 
sample sizes, showing that our proposal provides variance estimates for several time 
series statistics with smaller mean squared error than previous procedures. 

Key words and phrases: Jackknife, bootstrap, missing values, time series. 

1. Introduction 

The classical jackknife and bootstrap, as proposed by Quenouille (1949), Tukey 
(1958) and Efron (1979), are inconsistent in the case of dependent observations. During 
recent years these methods have been modified in order to account for the dependence 
structure of the data. The main existing procedures could be broadly classified as model 
based and model free. Model based procedures fit a model to the data and resample the 
residuals which mimic the i.i.d, errors of the model (see, e.g., Freedman (1984), Efron and 
Tibshirani (1986), Bose (1990) and Kreiss and Franke (1992)). Model free procedures 
consider blocks of consecutive observations and resample from these blocks as in the 
independent case (see, e.g. Carlstein (1986), Ziinsch (1989) and Liu and Singh (1992)). 
Sherman (1998) compares these approaches in terms of efficiency and robustness and 
concludes that  for moderate sample sizes the model based variance estimators provide a 
small gain under the correct model and, under mild misspecification, have bias similar 
to model free estimators while being more variable. 

In this paper we are interested in the moving blocks jackknife (MBJ) and the moving 
blocks bootstrap (MBB) introduced in Kiinsch (1989) and also in Liu and Singh (1992). 
These methods allow us to estimate the variance of statistics defined by functionals of 
finite dimensional marginal distributions, which include robust estimators of location and 
scale, least-squares estimators of the parameters of an AR model and certain versions of 
the sample correlations. 
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As is usual in jackknife methods, the variance estimator is obtained by a weighted 
sample variance of the statistic evaluated in a sample where some observations (blocks 
of consecutive observations, in this case) are deleted or downweighted. Kiinsch (1989) 
showed that  the MBJ which smoothes transitions between observations left out and ob- 
servations with full weight, reduces the bias. Other  bias reducing resampling methods 
are: linear combinations of block bootstrap estimators with different block sizes, pro- 
posed by Politis and Romano (1995), and the matched-block bootstrap of Carlstein et 
al. (1998) that  suggests using some block joining rule favoring blocks that are more likely 
to be close. 

When the time series has strong dependence structure, computing autocovariance 
by deleting blocks of observations is likely to produce bias. An alternative procedure 
is to assume that  the block of observations is missing. For independent data, delet- 
ing observations is equivalent to assuming that  these observations are missing, but for 
autocorrelated data, as shown in Pefia (1990), the two procedures are very different. 
Deleting a block of data effectively means replacing the observations in the block with 
their marginal expectation. Treating the block as missing is equivalent to substituting 
the observations in the block by their conditional expectations given the rest of the data. 
This is the procedure we propose in this paper. In our case, the observations left out 
in the MBJ are considered as missing data and they are replaced with a missing value 
estimate which takes into account the data dependence structure. Thus, the variance 
estimator is a weighted sample variance of the statistic evaluated in a "complete" series. 
This procedure could be interpreted as smooth transition between the two parts with 
full weight in the blockwise jackknife. 

Also, we extend this idea to the blockwise bootstrap, defining a block of missing val- 
ues between the blocks that  form the bootstrap resample. Thus, the procedure resembles 
a block joining engine. In some sense, the matched-block bootstrap has a common point 
with the procedure that we propose in this paper, in particular with their autoregressive 
matching. 

In Section 2 we define the MBJ with missing values techniques (M2BJ) and the 
moving block bootstrap with missing values techniques (M2BB). In Section 3 we present 
the missing values estimation procedures. In Section 4 the results of consistency of both 
methods as variance and distribution estimators for the sample mean are presented. 
Finally, the results of a simulation study comparing the MBJ and the M2BJ, and the 
MBB and the M2BB are presented in Section 5. All proofs are given in an Appendix. 

2. Resampling algorithms 

2.1 Moving missing block jackknife 
Let X1, . . .  ,XN be observations from a stationary process {Xt}tcz with joint dis- 

tribution p. Let us suppose that  the statistic TN, whose variance or distribution we 
want to estimate, is defined by TN = TN(pN), where pN is the empirical measure of 
X ] , . . .  ,XN. As noted by Kiinsch (1989), it is impossible to estimate pN without as- 
stoning some structure for the stationary processes. Thus, we suppose that  TN can be 
written as a functional of empirical m-dimensional distributions, i.e. TN = T(p'~), where 

n fl~ = n-1 ~-~t=l 5rt is an empirical m-dimensionM marginal measure, n = N - m + 1, 
Yt = ( X t , . . . ,  Xt+m-1) are blocks of m consecutive observations and 5y denotes the point 
mass at y E 1~ m. 
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The M B J  deletes or downweights blocks of rn-tuples in the calculation of p~:  

n 

(2.1)  pN '(j) ~- (Tt -- I lWnlll)  -1  E ( 1  -- W n ( t  - -  J ) ) ~ Y t ,  

t = l  

w h e r e  IlWn II1 l = • i=lwn(i )  and j = 0 , 1 , . . . , n -  l. The weights satisfy 0 < wn(i) <_ 1 
for i E Z, and Wn(i) > 0 iff 1 < i < l, and l is the length of the downweighted block. 
Note that  wn(i) = 1 for 1 <_ i < l corresponds to the deletion of blocks, in such a 
case the optimal order of l = l(n) is 0(nl/3) .  Biihlmann and Kiinsch (1994) propose a 
method  for selecting the block length in blockwise boo t s t r ap  which can be modified for 
blockwise jackknife. Kiinsch (1989) suggests using wn(i) = h((i - 1)/2) where function 
h :  (0, 1) ---* (0, 1) is symmetr ic  abou t  x -- 1/2. 

The M B J  variance est imator of TN is defined as 

n - - l  

(2 .2)  CTJackA2 ~-- ( n  - -  I ] W n ] l l ) 2 n - l ( n  - -  l ~ -  1)-1 [[Wn[[22 E ( T ~  ) - T~>) 2, 
j = 0  

where T(~ ) = TN (pN '(j)) is the j - t h  jackknife pseudo-value, T~ ) = ( n -  l +  1)-1 x-,n-I T(J) A.Jj=0 N 
and IlWnll 2 ~-  l Ei=I w (i) 2 

In our approach we will use the following expression to calculate p~:  

(2.3) /gN ' ( j )  = Tt - 1  (1 - w , ( t  - j ))by t + w , ( t  - j)byt,~ , 
t = l  

where Yt,j is an est imate of Yt supposing that  Yt is a missing value in the j - t h  sample, and 

then calculate T(~) = TN(~N'(J)), for j = 0, 1 , . . . ,  n -- I. Yt,j is a missing value est imate  
which takes into account the da ta  dependence structure.  In Section 3, we present in 

A 

detail  a me thod  for obtaining Yt,j for s ta t ionary and invertible linear processes. Note  
that  in (2.3), instead of eliminating the blocks indexed by j + 1 , . . .  , j  + l, we consider 
those l + m - 1 consecutive observations as missing in the t ime series sequence. The 
M2BJ and variance est imator  is defined by 

n--l  

(2.4) -2 = n ( n _ l  + l)-l l lwnl122E(:~(~) ~) ) )2  6r J a c k  - -  . 

j = 0  

Also, we are interested in the dis tr ibut ion of TN. We define the following jackknife- 
histograms, as in the subsampling me thod  of Politis and Romano  (1994): 

r t - - l  

(2.5) H g ( x ) = ( n - l + l ) - l E l t T - l l - l ( n - l ) ( T ( ~ ) - T N ) < X } ,  
j = 0  

for the MBJ,  and 

n- -1  

(2.6) H N ( X ) = ( n - - I + I ) - ' E I { T l l - ~ ( n - - I ) ( T ~ ) - - T N ) < X } ,  
j = 0  

for the M2BJ,  where ~-z is an appropr ia te  normalizing constant  (typically TZ = V~), and 
I{E}  denotes the indicator of the event E.  
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2.2 Moving missing block bootstrap 
In the case of bootstrap, we will use the circular block bootstrap (CBB) of Politis 

and Romano (1992) and Shao and Yu (1993) which can be described as follows. First, 
the sample is "extended" with l - 1 observations: 

X i n =  { Xi if i C { 1 , . . . , n }  
(2.7) 

' [,X~_~ if i E { n + t , . . . , n + l - 1 } .  

Second, blocks of l consecutive observations Zi,n = (Xi,n, . . . ,Xi+l--l ,n) axe defined. 
Then {Z~,~}~_I is used for obtaining resamples ( Z ~ , . . . ,  Z2) such that Pr* {Zff = Zi,n} = 
1/n, and this implies that Pr*{X~ = Xi} = 1/n. The number s of blocks in the bootstrap 
resample is selected such that n ..~ sl. Then, the bootstrap estimator is T~ = TN(p~), 

n where P~v = n-1 Y~n=l 6z;. The bootstrap variance and distribution of T~, 

(2.8) 

and 
(2.9) 

Vax* (T~r) = E* [(T~r - E* [T~rl)2] 

Pr*{(sl)'/2(T[v - E*[T~]) <_ x I 

are used as variance and distribution estimators of TN. 
Other blockwise bootstraps have been proposed; for instance, the moving blocks 

bootstrap (MBB) of Kiinsch (1989) and Liu and Singh (1992), the non-overlapping block 
bootstrap (NBB) based on Caxlstein (1986), and the stationary bootstrap (SB) of Politis 
and Romano (1994b). 

The method that we propose can be described as follows: given a CBB resample 
(YI*,..-,Y~*), i.e., s blocks of l consecutive observations, the idea of moving missing 

blocks bootstrap (M2BB) is to introduce a block 7~ of k "observations" between two 
consecutive blocks. For simplicity, we will use a fixed block size k for the blocks included 
and we will always introduce a final block in order to have ks missing observations. Thus, 
the M2BB resample is (YI*, 71", Y2*, �9 �9 -, 7"-1, II*, Y~*)- Notice that the M2BB resample 
has s(l + k) observations, meanwhile the CBB resample has sl observations. 

Another way of interpreting the M2BB resample is to put l + k as the block size in 
the CBB, and then to consider the last k observations in each block as missing values. 
Notice that it is possible to implement M2BB using other blockwise bootstraps as the 
above mentioned procedures. 

~ n A 

The M2BB estimator is T~ = TN('P*N), where P~v = n-1 Y-~4=1 6~.,., and Yt* = Yt* if 

t E {1 , . . . ,1 ,1+ k + l , . . . , 2 1 +  k , . . . , ( s - 1 ) ( l  + k) + l , . . . , ( s -  1)(l + k) + l} and Yt* is 
properly an estimate, otherwise. Then the bootstrap variance and distribution of T~, 

(2.1o) 
and 
(2.11) 

Vax* (T r) = E*[(T r - 2] 

Pr*{(s(l 4- k ) ) l / 2 ( T ~ r  - E*[T I) _< x}, 

are used as variance and distribution estimators of TN. 

3. Missing values techniques 

There are a number of alternatives which can be used to obtain Yt for stationary 
and invertible linear processes, see e.g. Harvey and Pierse (1984), Pefia and Maravall 
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(1991), and Beveridge (1992), and for some nonlinear processes as in Abraham and 
Thavaneswaran (1991). In this paper  we will use the generalized least squares me thod  
presented in Pefia and Maravall  (1991). 

If {Xt}t~z is a s ta t ionary  process tha t  admits  an AR(oo)  representat ion:  ~ ( B ) ( X t -  
O O  

#) = et, where r = }-]j=0 CJ B j ,  B is the backshift  opera tor  and E[Xt] = / z ,  let zt = 
X t  - #, and assume tha t  the finite series zt has m missing values at t imes T1, T 2 , . . . ,  Tm 
with Ti < Tj. We fill the  holes in the series with a rb i t ra ry  numbers  VT, and construct  
an "observed" series Zt by: 

(3.1) Zt = ~ zt +wt ,  if t E { T 1 , T 2 , . . . , T m }  

( zt , otherwise 

where vt = zt + wt and wt is an unknown parameter .  In mat r ix  notat ion,  we have 

(3.2) Z = z + Hw,  

where Z and z are the series expressed as a N x 1 vector,  H is N x m mat r ix  such tha t  
HT,,i = 1 and Hid = 0 otherwise, and w is a m x 1 vector  of unknown parameters .  Le t  E 
be the N x N autocovariance mat r ix  of the series zt, then the generalized least squares 
es t imator  of w is 

(3.3) = ( H ' E - 1 H ) - I H ' E - 1 Z ,  

and the missing values est imates  are obta ined by 

(3.4) 2 = Z - H ~  = Z - H ( H m - I H ) - i H ' r ~ - ' Z .  

Note tha t  Z obta ined in (3.4) does not depend on the "arbi t rary"  value of w. On 
the other  hand,  expression (3.4) assumes tha t  # and E are known. In order  to make the 
above est imat ion me thod  feasible we propose to replace them with the sample mean X7 
and with an autoregressive es t imator  E, respect ively (see, Lemmas  4.3 and 4.4). 

When  we apply this me thod  to the j - t h  jackknife resample,  the observations 
X j + t , . . .  ,X j+t  are considered as ra = l consecutive missing values and the  ma t r ix  
H = Hj takes the form 

0jxt 

(3.5) Hj = Ilxt 

ON-(l+j)xl Nxl 

In the case of the boots t rap ,  we have m = k [ n / ( l  + k)] missing observations, where 
I is the length of the block in the boots t rap  resample and k is the number  of missing 
observations between two consecutive blocks. The  mat r ix  H is fixed and has the following 
expression 

(3.6) H = 

Olxk Olxk "'" Olxk Olxk 

Ikxk Ok• " "  Okxk Okxk 

: : ".. �9 : 

Olxk  Ozxk ' "  O l xk  Otxk  

Okxk Okxk ' "  Okxk Ikxk  
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We will use vt = zt (then a t  = O) in expression (3.4), in such a case 

(3.7) z -- 2 = H ( H ' E - 1 H ) - I H ' E - l z ,  

and since z = X - # and defining Z = )(  - #, we have 

(3.8) X - ) (  = H ( H ' E - 1 H ) - I H ' G - I ( x  - #), 

which is a more tractable expression. For the bootstrap,  the X in (3.8) is replaced with 
the X * ,  forming the boots t rap resample. 

Instead of expression (3.4), we could use the following nonparametr ic  interpolator 
proposed by Bosq (1996): 

(3.9) Zr  = E t c o r  ZtK((Z~-,~ - Zt ,s))  
K ( ( Z r  - Z , , s ) )  ' 

where K is a strictly positive s-dimensional kernel, Z~-,s denotes the s observed values 
near to Zr and Or = {t : Zt and Zt,s are observed}. Expression (3.9) may be interpreted 
as an approximation of E[Zr I Z~-,s]. The implementat ion of MUBj and M2BB using (3.9) 
as an interpolator will be subject of future research. 

4. Consistency results 

We now s tudy  consistency tbr the sample mean of the proposed missing values 
approaches for jackknife and bootstrap.  This case corresponds to m = 1, T ( F  1) = 
f xdFl(x) = E[Xt ]  = p. We will show tha t  bo th  procedures provide consistent esti- 
mators  of the variance and the distribution of the sample mean. Theorems 4.1 and 4.3 
present the fundamenta l  results for the jackknife and Theorems 4.4 and 4.5 for the boot- 
strap. Also in Theorem 4.2 we establish the consistency of the MBJ of Kfinsch (1989) as 
a distr ibution est imator of linear statistics. Notice tha t  Theorems 4.1, 4.2 and 4.3 can 
be extended to statistics with linear influence function. 

Start ing with the MBJ  with missing values replacement we have that ,  according to 
(2.3), the statistic evaluated in the j - t h  completed resample is 

(4.1) T(~) = n -1 (1 - Wn(t - j ) ) X t  + Wn(t  - j ) X t d  
t = l  

n 

---- TAr -- lz-1 E w n ( t  -- J ) ( X t  - X t , j ) ,  
t = l  

n v ' n - I  [T(J) -- TN)  2. The where TN = n -1 ~ t = l  X t .  First,  we will consider the expression A.@=O~,* N 

use of TN as a central measure seems more natura l  than  :F~) because TN = T(F~v ) (see 
Liu and Singh (1992)). We have tha t  

n 

(4.2) n(T(~) - TN)  = - ~ w,~(t - j ) ( X t  - g t , j )  = - w ' ~ o ( X  - 2 i ) ,  
t = l  

where w,~,j = ( w ~ ( 1 -  j ) , . . . , W n ( n  j ) ) '  and Xj = ( ) (1 , / , . . . ,  ~ , j ) ,  with 

X t  if wn( t  - j )  = O 

(4.3) )~t,j = )(t if w ~ ( t -  j )  > O. 
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In order to prove the consistency of jackknife variance estimator we will use the 
following proposition established in Berk (1974): 

PROPOSITION 4.1. Suppose that {X t } t c  Z is a linear process such that 
oo 

~-~-i=o r  = et, where {et}tcz are independent and identically distributed r.v. 's with 
E[et] . . . .  0 and E[ct 2] a 2, and r 1. Assume also that ~(z )  )-~=o~ r is bounded 
away from zero for Izl < 1. Then, there are constants F1 and F2, 0 < F1 < F2, such 
that 

(4.4) 2~rF1 ~ I I~ l l~  ~ 27rF2 and (27rF2) -~ ~ Ilz-lH~p~ ~ (2~rF~)-', 

where E is the autocovariance matrix of { X t } tcz  and IlE]l~p~ = max{v'~ : A is eigenvalue 
of E~E} denotes the spectral norm. 

Condition (4.4) allows us to establish the asymptotical unbiasedness of aJack.~2 We 

replace in (2.4) T~)) with TN and under standard assumptions we prove in Corollary 4.1 
that the effect of this substitution is negligible. 

LEMMA 4.1. I f  the conditions of Proposition 4.1 hold, and assuming that wn(i)  = 1 
2 if  and only if 1 < i < l, 1 = l(n) ~ oo, and ~-~m=l rn['~m[ < ec, then E [ n ~ c k  ] ~ aoo = 

+oc  
E r n = - - o o  ~ / m .  

Now, we must prove that Var(nY~ck ) -~ 0. We have that 

(4.5) Var(n~2~ck) 
n - - l  n--1 

= (n - l + 1)-2llwn][2 4 E E c~ ) - TN)2'nU(T~ ) - TN)2)" 
j=o/=o 

Note that ~2(~(j) TN) 2 = ~ , j ( X -  , ) ( X -  ~) ~,~, where ~ , j  ~ - l g j  
/ - 1  - 1  l . (HiE Hi)  H~wn,j, thus the only difference with Theorem 3.3 of Kfinsch (1989) is 

replacing wn,j with ~ , j .  A crucial aspect in his proof is the number of non zero el- 
ements (l = o(n)) in the vector w,~,j. The following lemma establishes that ~,~,j -- 
@,~,j + o(l-U2),  where @n,j has at most l + 4[l 1/2] non zero elements. 

LEMMA 4.2. Under the conditions of Lemma 4.1, and assuming that 
~-~=1 m217ml < oc, we have that wn,j = @n,j + o(l-U2) uniformly in j = O, 1 , . . . ,  n - I. 

The next result follows by combining the previous Lemmas 4.1 and 4.2 and Theorem 
3.3 of Kiinsch (1989). 

THEOREM 4.1. Under the conditions of Lemma 4.2, and assuming that 
E[1Xt] 6+5] < oo with 5 > 0, oo 2 5/(6+~) ~ m = l  m am < eo where oL m are the strong mixing 

coefficients, and I o(n), it follows that ~Y~ock s 2 ---- O-OC " 
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COROLLARY 4.1. Under the conditions of Theorem 4.1, and assuming that l -= 
o(nl/2), we have that 

n - l  

nG2iac k : n 2 ( n -  l + 1 ) - l l l w n l l 2  2 ~ ( : ~ ( ~ )  - TN) 2 + op(l-1).  
j=O 

The previous results assume tha t  the matr ix  E is known; the next lemma shows tha t  
the consistenc~result  obtained in Theorem 4.1 holds if we replace E with an autoregres- 
sive est imator E, i.e., the n • n autocovaxiance matr ix  of an AR(p) process, with p = p(n). 

X n We will use the matr ix  column-sum norm llAll~ol = ma {~-~/=1 laijl : j = 1 , . . . ,  n}, and 
the vector maximum norm lIXll~ = max{xi  : i = 1 , . . . ,  n}. 

LEMMA 4.3. Under the conditions of Theorem 4.1, and assuming that IIE- ll o  < 
M < oo, p = o((n/ log n)U6), and I = o((n/ log n)2/9), it follows that 

A2 
(4.6) n~a~k - n ~ j ~ k  = op(1), 

where 

(4.7) 
~2 ~S. a(J) 
a a ~ k  n (n  - l + 1)-11[w~[12 -2 ~_.~(T N - TN)  2, 

j =0  

~(J) 
# ~--1 --I # ~--I and T N = Wn,jHj(H~E Hi) H~E ( X -  X) .  

The condition llE-111col < M < c~ is satisfied by s ta t ionary and invertible ARMA 
processes. This is a direct consequence of  the representation of E -1 in Galbrai th  and 
Galbrai th (1974). Note tha t  the proof is still valid if NE-lllcoZ = O(l 1/4-~) for some 
such tha t  0 < (~ < 1/4. 

Now, we prove tha t  the moving block jackknife (MBJ) of Kiinsch (1989) could be 
used as an est imator of the distr ibution of a linear statistic. We will use the analogy 
between the subsampling method of Politis and Romano (1994a) and the blockwise 
jackknife. First,  we introduce some notation: Tg,t = T b ( X t , . . . ,  Xt+b-1) is the est imator 
of T(fl) based on the block or subsample ( X t , . . . , X t _ b + l ) .  Let Yb(P) be the sampling 
distr ibution of 

(4.8) T b ( T N ,  1 -- T ( p ) ) ,  

where % is the normalizing constant.  Also define the corresponding cumulative distri- 
but ion function 

(4.9) Jb(x, p) = Prp{7-b(TN,1 - T(p)) < x}, 

and denote JN(P) the sampling distr ibution of ~-~(TN - T(p)). The approximation of 
Jg  (P) proposed by subsampling is 

N - b +  l 

(4.10) LN(X) = (N - b + 1 ) - '  
t : l  

1pb(T ,, - _< 
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The only essential assumption in Politis and Romano's approach is that  there exists 
a limiting law J(p)  such that JN(P) converges weakly to a limit law J(p) ,  as n ~ oc. 

For simplicity, we only prove the consistency of MBJ for linear statistics, as the 
sample mean 

(4.11) TN = n -1 ~ f (Y t ) ,  

~ o  

t=l 

where Yt = ( X t , . . . ,  Xt+m-1), n = N - m + 1 and f is a continuous function on R m. 
In the MBJ we have l deleted blocks (Yj+I,- . - ,Yj+t)  which corresponds to b = 

l + m - 1 consecutive observations. Using (2.1), we have 

(4.12) 
n 

T~ ) = ( n -  l) - 1 E ( 1  - W n ( t -  j ) ) f ( Y t )  
t=l 

j+l 

-= ( n - - l ) - l n T N - -  ( n - - l )  -1 E f ( Y t )  
t=j+l  

= i n - l ) - l n T N  -- (n -- 1)-ITN,j+I. 

Assuming without loss of generality that m = 1, 

(4.13) 
(4.14) 

and 

(4.15) 

T(N j) -- T N ~- - l ( n  - l ) - l ( V N , j + l  -- TN)  , 

--Tll--l(n -- l)(V(~ ) - TN)  ~-- TI(TN,j+I -- TN) ,  

n - l  
LN(X) = ( n - - l  + 1) - 1 E  l{Tl l - l (n - - I ) (TN -- T(~ )) < x}.  

j=O 

The MBJ analogous to LN(X) is 

(4.16) 
n- l  

H N ( X  ) =---(n--I -t- 1) - 1 E  l { T l l - l ( n - -  l)(T}~) - TN)  ~- x} .  
j=0 

We obtain consistency under the following assumption: 

ASSUMPTION 4.1. There exists a symmetric limiting law J(p)  such that Jn(P) 
converges weakly to a limit law J(p) ,  as n -~ co. 

The following theorem shows that moving blocks jackknife-histograms are consistent 
estimators of the distribution. 

THEOREM 4.2. Suppose that Assumption 4.1 holds and that 7t/Tn ~ 0, I /n  ---* 0 
and 1 ---, c~ as n ~ oc. Also assume that the a-mixing sequence satisfies that a x ( k )  --~ 0 
as k --+ oc. 

1. I f  x is a continuity point of  J(. ,  p), then HN (x) --~ J ( x ,  p) in probability. 
2. / f  J(-, p) is continuous, then SUPx IHg(x)  - J (x ,  P)I ~ 0 in probability. 
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Also, we could use the M2BJ method as distribution estimator. We establish con- 
sistency for the sample mean. The MBJ and the M2BJ statistics satisfy 

n 

(4.17) T~ ) -  T N = - - (~ t - - l )  - 1 E  wn( t  -- j ) ( X t -  TN) ,  
t=l 

and 
n 

(4.18) T~) - TN = - - n - 1 E  wn( t  -- J ) ( X t -  X t , j ) .  

Therefore, 

(4.19) 

t=l 

1-1/2n(r(~)  __ TN)  = l-1/2(Tt--I)(T(~ ) -- TN)  
n 

+ 1 - ' /~  ~ n ( t  - j ) ( . L , j  - T~) .  
t=l 

The following proposition proves that the second term in the right hand side of 
(4.19) is op(1). 

PROPOSITION 4.2. Suppose  that  wn( i )  = 1 i f f  1 < i < l, }-~k~_l kIva I < oo, and 
flr~-ltlcoz < M < ~ .  Also assume that  I / n  ~ 0 and l ~ oo as n ~ oo. Then  

1-1/2 ~-]~t~l w n ( t  - j ) ( X t , j  - TN)  = op(1) uni formly  in j .  

Consistency follows now from Theorem 2.1 in Politis and Romano (I994a), Propo- 
sition 4.2, and the asymptotic equivalence lemma (cf. Lemma 4.7 of White (1984)), i.e. 

having two random sequences satisfying A n -  B n  = op(1) and Bn  d B then we conclude 

that An  d B .  

THEOREM 4.3. Under  the condi t ions  in Propos i t ion  4.2, f o r  all x 

(4.2o) 
n- l  

~ x ( x )  = (n - l +  1) -~ Z l { ~ l - ~ ( n  - l)(~(~ ) - T~)  < 5} -~ J(~ ,  p) 
j=O 

in probability. 

R e m a r k  4.1. In the proof of Lemma 4.3 we obtained that n(T(~ ) - TN)  -- n ( T  N - 

TN) is OR (l 3/2 max(l, p)1/2 (n / log  ~t)- 1/3), thus (4.20) holds if we replace E with E, and 
l = o ( ( n / l o g  n)2/9). 

Now, we prove that the M2BB give consistent estimators of the variance and the 
distribution of the sample mean. We have the following CBB and M2BB statistics: 

s l 
(4.21) )(:,s = (8l) - 1 E  E X(*-l) l+J ' 

i=1 j=l  
and 
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(4.22) f(,~,~ -~ (S(1 -~- k))  -1  X(i_l)(l+k)+j* -~ Z X(i-1)(l+k)TJ ^* ' 
i=1 \ j = l  j=l+l 

A * 

where Xt* is an estimate of the "missing observation" X t , that takes into account the 
dependence structure on the original process { X t } .  

We could write the M2BB analogous to (sl) i /u(2~,~ - f ( ~ )  as follows: 

(4.23) (s(l -~- k ) ) l / 2 ( ~ ; ,  s - -  X n )  

= (8(1 4- k))  - 1 /2  (X(~_l)(l+k)+j -- X n )  
\i=I j = l  

s l+k ) 

§  (X(~_~)(z+k)+ j - 2n) 

i=1 j = / + l  

= (l / ( t  + k))I /2(s l ) ' /~(2~,~ - 2 ~ )  

s l+k 
+ (s(1 + Z ^ *  (X(~_~)(z+k)+j - )?n). 

i=1 j = l + l  

Notice that  if k / l  ~ 0 as n ~ cc we have that l / ( l  + k) -~ 1 and thus the first 
term in (4.23) satisfies the conditions in Theorem 1 in Politis and Romano (1992). The 
following proposition establishes that the second term in (4.23) is OR(l). 

oc ~-,~ 2 5/(6+5) PROPOSITION 4.3. Suppose that ~-~.,~=lrn[~/,n I < c~, 2_.,m=l m am < (X), 
where a,~ are the strong mixing coefficients, and lIE -111col < M < +oo. Also assume 

that l / n  ~ O, l --~ oc, and k / l  ~ 0 as n ---* oo. Then (s(l + k)) -~/2V'~ x--'l+a A-Ji=I Z-~j=/+l " 

2 *  -- X n )  ---- Op(1) .  ( (i-~)(z+k)+j 

The previous results assume that the matrix E is known; the next lemma is the 
analogous to Lemma 4.3. Notice that in M2BJ the number of missing values is l and in 
M2BB is sk. 

LEMMA 4.4. Under the conditions of Proposition 4.3, and assuming that 
II E-111cot < M < oc, p = o ( ( n / l o g  n)l/6), and sk = o ( (n / logn )2 /9 ) ,  it follows that 

(4.24) (s(l + k))U2()(n,~ - f (n)  - (s(l + k))1/2(2n,~ - )(n) = oR(l), 

where 2n,~ (s(l + k)) -1 ~ ~ X*  ~.~+k ---- 2 i = 1 ( 2 j = 1  (i--1)(i+k)+j + Z-,j=l+l"~(i-1)(l+k)+j), and X is 

obtained replacing E with its autoregressive est imator ~ - 1  in (3.4). 

Now, using the statement (1) of Theorem 1 in Politis and Romano (1992), Propo- 
sition 4.3 and the Cauchy-Schwarz inequality we have that 

THEOREM 4.4. Under the conditions in Proposition 4.3, for  all x 

(4.25) Var*((s(l-~- k))l/2(2:hs Xn)) --+P 2 - -  ( 7 o o  . 
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And from statement (2) of Theorem 1 in Politis and Romano (1992), Proposition 
4.3 and the asymptotic equivalence lemma, we obtain the consistency result. 

THEOREM 4.5. Under the conditions in Proposition 4.3, for all x 

(4.26) Pr*((s(l + k))l /2(f(: ,  8 - 2,~) <_ x [ X , , . . .  ,Xn} 

- Pr{nl/2(J?n - #) _< x} ~ 0, 

for almost all sample sequences X 1 , . . . ,  XN.  

In the next section we present an extensive simulation comparing the proposed 
moving missing blocks procedures with the MBJ and MBB methods. The theoretical 
comparison and confirmation of the superiority of the proposed methods, even in the case 
of linear processes, involves some unmanageable expressions that made those comparisons 
difficult. On the other hand, notice that using the nonparametric approach mentioned at 
end of Section 3 it is possible to implement the moving missing blocks methods without 
the linearity assumption. 

5. Simulations 

In this section, we compare the performance of the moving blocks jackknife (MBJ) 
and the moving blocks jackknife with missing values replacement (M2Bj), and the 

Table 1. MBJ  and  M2BJ  to es t imate  a~v in the  case of the  sample  mean.  (+ )  denotes  cases 
where the  MBJ  ou tper forms  the  M2BJ.  (*) denotes  cases where the  M2BJ  outper forms  the  
MBJ.  

Model N loga2N E1 SD1 L1 MSE1 E2 SD2 L2 MSE2 
M1 480 3.21 2.95 0.25 35 0.130 (0.011) 2.90 0.24 45 0.152 (0.011) 

M1 120 3.18 2.57 0.36 15 0.502 (0.030) 2.51 0.34 20 0.568 (0.032) 

M2 480 1.68 1.61 0.09 2 0.012 (0.001) 1.65 0.09 7 0.009 (0.001).  

M2 120 1.70 1.57 0.18 2 0.050 (0.004) 1.55 0.18 7 0.056 (0.006) 

M3 480 1.82 1.67 0.14 15 0.045 (0.003) 1.64 0.16 20 0.056 (0.004) 

M3 120 1.83 1.52 0.17 4 0.119 (0.006) 1.38 0.23 10 0.251 (0.020)+ 

M4 480 - 1 . 1 6  - 1 . 0 9  0.16 25 0.030 (0.003) - 1 . 1 3  0.12 10 0.017 (0.002),  

M4 120 - 1 . 1 3  - 1 . 0 9  0.22 15 0.050 (0.005) - 1 . 0 7  0.16 4 0.029 (0.003),  

M5 480 - 3 . 1 4  - 3 . 0 4  0.22 85 0.057 (0.005) - 3 . 0 9  0.22 35 0.048 (0.005) 

M5 120 - 2 . 9 3  - 2 . 5 7  0.18 30 0.166 (0.008) - 2 . 8 9  0.31 15 0.100 (0.012),  

M6 480 - 3 . 0 5  - 2 . 9 6  0.21 60 0.054 (0.004) - 3 . 0 3  0.10 5 0.011 (0.001),  

M6 120 - 2 . 9 2  - 2 . 8 5  0.21 30 0.051 (0.006) - 2 . 8 8  0.19 2 0.038 (0.004),  

M7 480 -1 .81  - 1 . 7 2  0.19 40 0.043 (0.004) -1 .71  0.15 15 0.032 (0.003),  

M7 120 - 1 . 7 6  - 1 . 6 4  0.24 20 0.073 (0.007) - 1 . 6 7  0.25 8 0.073 (0.007) 

MS 480 1.18 1.09 0.11 8 0.020 (0.001) 1.05 0.11 10 0.030 (0.002)+ 

M8 120 1.17 0.99 0.16 4 0.058 (0.005) 0.90 0.22 7 0.118 (0 .011)+ 

El, SD1 and MSE1 denotes  the  average, s t anda rd  devia t ion and  the  mean  square  error  of the  
s ta t is t ic  log N ~ v  in the  1000 replicat ions using M B J  method.  E2, SD2 and  MSE2 are the  corresponding 
s tat is t ics  using M2BJ  method.  
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Model N log a~ E1 SD1 L1 MSE1 E2 SD2 L2 MSE2 

M1 480 3.31 3.04 0.36 35 0.202 (0.022) 3.37 0.31 15 0.101 (0.010)* 

M1 120 3.29 2.67 0.52 20 0.654 (0.054) 2.81 0.48 15 0.458 (0.054)* 

M2 480 2.04 2.02 0.43 35 0.183 (0.023) 1.93 0.42 20 0.187 (0.024) 

M2 120 2.05 1.97 0.56 15 0.315 (0.035) 1.98 0.52 10 0.273 (0.033) 

M3 480 2.05 1.91 0.42 20 0.194 (0.024) 1.90 0.39 15 0.177 (0.022) 

M3 120 2.03 1.71 0.50 10 0.356 (0.038) 1.77 0.52 6 0.337 (0.036) 

M4 480 0.33 0.24 0.56 40 0.329 (0.049) 0.28 0.49 30 0.243 (0.045).  

M4 120 0.34 0.29 0.65 15 0.426 (0.070) 0.18 0.57 15 0.352 (0.050) 

M5 480 - 0 . 1 0  - 0 . 2 0  0.53 40 0.295 (0.037) - 0 . 1 5  0.42 20 0.180 (0.024).  

M5 120 - 0 . 1 0  - 0 . 2 2  0.72 15 0.528 (0.056) - 0 . 0 5  0.56 10 0.317 (0.035),  

M6 480 - 0 . 2 8  - 0 . 4 5  0.57 50 0.349 (0.036) - 0 . 3 6  0.53 20 0.288 (0.029) 

M6 120 - 0 . 2 8  - 0 . 3 5  0.70 15 0.501 (0.060) - 0 . 1 2  0.54 10 0.321 (0.034),  

M7 480 0.18 0.06 0.52 55 0.285 (0.042) 0.17 0.45 25 0.201 (0.025).  

M7 120 0.19 -0 ,01  0.68 20 0.497 (0.071) 0.09 0.58 15 0.342 (0.062),  

M8 480 1.45 1.33 0.44 30 0.208 (0.026) 1.38 0.44 15 0.200 (0.023) 

M8 120 1.43 1.25 0.57 10 0.360 (0.039) 1.24 0.47 8 0.263 (0.030).  

El, SD1 and MSE1 denotes  the  average, s t anda rd  devia t ion and  the  mean  square  error  of the  
s ta t is t ic  log N ~ v  in the  1000 replications using MB J  method.  E2, SD2 and MSE2 are the  corresponding 
s tat is t ics  using M2BJ method.  

Table 3. M B J  and M2BJ  to es t imate  a 2 in the  case of the  variance. 

Model N log a2N E1 SD1 L1 MSE1 E2 SD2 L2 MSE2 
MI 480 4.22 3.91 0.33 20 0.209 (0.016) 3.94 0.34 30 0.197 (0.017) 

M1 120 4.11 3.31 0.55 9 0.941 (0.050) 3.43 0.59 15 0.810 (0.052) 

M2 480 3.98 3.73 0.26 15 0.134 (0.010) 3.71 0.28 25 0.151 (0.011) 

M2 120 3.98 3.38 0.46 9 0.576 (0.035) 3.35 0.47 15 0.616 (0.040) 

M3 480 3.04 2.86 0.19 I0 0.069 (0.005) 2.86 0.20 15 0.072 (0.006) 

M3 120 3.02 2.58 0.36 7 0.327 (0.021) 2.59 0.37 i0 0.327 (0.026) 

M4 480 4.25 3.95 0.36 20 0.217 (0.016) 3.94 0.36 30 0.220 (0.018) 

M4 120 4.25 3.51 0.58 10 0.883 (0.049) 3.50 0.56 15 0.891 (0.050) 

M5 480 2.07 1.94 0.16 6 0.043 (0.003) 1.93 0.16 7 0.047 (0.003) 

M5 120 2.08 1.82 0.29 4 0.149 (0.011) 1.79 0.31 5 0.178 (0.013) 

M6 480 2.39 2.24 0.20 7 0.059 (0.005) 2.22 0.21 15 0.073 (0.006) 

M6 120 2.40 2.10 0.34 5 0.205 (0.018) 2.05 0.37 8 0.255 (0.020) 

M7 480 3.47 3.28 0.28 20 0.112 (0.009) 3.26 0.27 20 0.116 (0.009) 

M7 120 3.48 3.04 0.47 9 0.423 (0.030) 2.97 0.43 7 0.447 (0.030) 

M8 480 2.08 1.95 0.17 7 0.046 (0.004) 1.95 0.18 9 0.049 (0.004) 

M8 120 2.06 1.83 0.33 4 0.162 (0.011) 1.82 0.33 5 0.168 (0.012) 

El, SD1 and MSE1 denotes  the  average, s t anda rd  devia t ion and  the  mean  square  error  of the  
s ta t i s t ic  log Na'~v in the 1000 replications using MI3J method.  E2, SD2 and MSE2 are the  corresponding 
s tat is t ics  using M2BJ method.  
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Table 4. MBJ  and M2BJ to es t imate  a~v in the  case of the  autocovar iance  of order 1. (*) 
denotes  cases where the  M2BJ  outper forms  the  MBJ.  

Model N log a2N E1 SD1 L1 M SE1 E2 SD2 L2 M SE2 

M1 480 4.17 3.85 0.34 20 0.216 (0.018) 3.85 0.32 20 0.205 (0.016) 

M1 120 4.04 3.24 0.58 9 0.960 (o.o56) 3.31 o.53 10 0.808 (o.o5o) 
M2 480 3.69 3.45 0.26 15 0.124 (0.010) 3.43 0.28 25 0.147 (0.011) 

M2 120 3.67 3.08 0.46 8 0.553 (0.034) 3.06 0.47 15 0.579 (0.040) 

M3 480 2.66 2.51 0.21 9 0.067 (0.006) 2.49 0.19 10 0.066 (0.005) 

M3 120 2.62 2.21 0.38 5 0.317 (0.022) 2.22 0.39 8 0.317 (0.025) 

M4 480 4.20 3.91 0.38 25 0.232 (0.018) 3.90 0.37 30 0.229 (0.018) 

M4 120 4.19 3.43 O.58 10 0.914 (0.052) 3.38 O.52 10 0.927 (0.049) 
M5 480 1.52 1.40 0.19 6 0.054 (0.004) 1.40 0.14 2 0.035 (0.003),  

M5 120 1.51 1.25 0.29 2 0.150 (0.012) 1.29 0.28 2 0.124 (0.011) 

M6 480 2.05 1.91 0.21 9 0.064 (0.006) 1.88 0.21 10 0.074 (0.006) 

M6 120 2.04 1.69 0.36 3 0.250 (0.020) 1.70 0.41 8 0.290 (0.025) 

M7 480 3.34 3.13 0.29 20 0.125 (0.011) 3.12 0.28 20 0.127 (0.010) 

M7 120 3.33 2.85 0.52 9 0.501 (0.035) 2.83 0.49 7 0.484 (0.035) 

MS 480 1.52 1.39 0.18 4 0.050 (0.004) 1.46 0.17 3 0.032 (0.003),  

M8 120 1.48 1.21 0.32 2 0.173 (0.014) 1.26 0.29 2 0.135 (0.012),  

E l ,  SD1 and MSE1 denotes  the  average, s t anda rd  devia t ion and the  mean  square  error  of the  
s ta t i s t ic  log NO" 2 in the  1000 replications using M B J  method.  E2, SD2 and MSE2 are the  corresponding 
s tat is t ics  using M2BJ  method.  

moving blocks bootstrap (MBB) and the moving blocks bootstrap with missing values 
replacement (M2BB). We consider the following autoregressive models X t  = 

p 
~i=1 r  + et: 

�9 (M1) AR(1) r = 0.8, et i.i.d. Af(0, 1). 
�9 (M2) AR(2) r = 1.372, r = -0.677, et i.i.d, flf(0,0.4982). 
�9 (M3) AR(5) r = 0.9, r = -0.4,  r = 0.3, r = -0.5,  r = 0.3, et i.i.d. Af(0, 1). 
�9 (M4) AR(1) r = -0 .8 ,  et i.i.d. Af(0, 1). 
Models M1-M3 are the same as in Biihlmann (1996) and Biihlmann and Kfinsch 

(1994). In all of them the largest root is around 0.8. M4 is included because it presents a 
considerable amount of repulsion, and Carlstein et  al. (1998) show that this feature causes 
problems for the matching block bootstrap. The models M2-M4 exhibit a "damped- 
periodic" autocorrelation function, where the correlations can be negative. In M1 all 
the autocorrelations are positive. We also consider the following "dual" moving average 

q 
models X t  = et + ~'~i=10iet-i: 

�9 (M5) MA(1) 0x = -0 .8 ,  et i.i.d. N'(0, 1). 
�9 (M6) MA(2) 01 = -1.372, 02 = 0.677, et i.i.d. Af(0, 0.4909). 
�9 (MT) MA(5) 01 = -0.9,  02 = 0.4, 03 = -0.3,  04 = 0.5, 05 = -0.3,  et i.i.d. Af(0, 1). 
�9 (M8) H A ( l )  01 = 0.8, et i.i.d. Af(0, 1). 
For M~BJ and M2BB, we use an autoregressive estimator for the autocovariance 

matrix E, choosing the order p of the approximating autoregressive process by minimizing 
the BIC (cf. Schwarz (1978)) in a range 0 < p < 10 log10 n. As in Biihlmann and Kfinsch 
(1994) we choose the sample size N = 480 and N = 120. Our results are based on 
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Table 5. MBJ and M2BJ to estimate a 2 in the case of the autocovariance of order 5. (*) 
denotes cases where the M2BJ outperforms the MBJ. 

Model N log 6 2 E1 SD1 L1 M SE1 E2 SD2 L~ MSE2 
M1 480 3.79 3.39 0.40 25 0.319 (0.022) 3.52 0.33 15 0.176 (0.014), 

M1 120 3.55 2.72 0.59 7 1.041 (0.055) 2.97 0.49 9 0.578 (0.042), 

M2 480 3.50 3.22 0.29 20 0.157 (0.012) 3.30 0.24 15 0.097 (0.008), 

M2 120 3.43 2.78 0.48 8 0.651 (0.039) 2.91 0.44 10 0.469 (0.031), 

M3 480 2.39 2.20 0.20 10 0.078 (0.006) 2.42 0.17 5 0.029 (0.003), 

M3 120 2.30 1.92 0.38 6 0.278 (0.022) 2.22 0.37 6 0.144 (0.016), 

M4 480 3.84 3.46 0.41 20 0.311 (0.019) 3.56 0.34 15 0.198 (0.013), 

M4 120 3.79 2.92 0.58 7 1.109 (0.053) 3.18 0.55 10 0.684 (0.042). 

M5 480 1.37 1.25 0.14 4 0.031 (0.003) 1.46 0.12 2 0.023 (0.002). 

M5 120 1.33 1.14 0.29 3 0.121 (0.009) 1.33 0.27 2 0.072 (0.007). 

M6 480 1.69 1.55 0.18 6 0.050 (0.004) 1.77 0.15 4 0.029 (0.003)* 

M6 120 1.65 1.40 0.35 5 0.185 (0.016) 1.61 0.32 4 0.102 (0.010), 

M7 480 2.78 2.54 0.27 10 0.133 (0.009) 2.74 0.22 7 0.048 (0.005). 

M7 120 2.73 2.28 0.44 6 0.399 (0.029) 2.53 0.39 6 0.193 (0.021). 

M8 480 1.36 1.26 0.15 5 0.033 (0.003) 1.45 0.13 2 0.025 (0.002). 

M8 120 1.28 1.12 0.31 3 0.122 (0.011) 1.27 0.27 2 0.073 (0.008). 

El, SD1 and MSE1 denotes the average, standard deviation and the mean square error of the 
statistic log N ~ v  in the 1000 replications using MBJ method. E2, SD2 and MSE2 are the corresponding 
statistics using M2BJ method. 

1000 s imula t ions ,  and  block size r ange  f rom 1 = 1 to  l = 95 for N -- 480, and  f rom 
1 = 1 to  1 = 30 for N -- 120. T h e  s ta t i s t ics  TN inc luded  in the  s imula t ion  s t u d y  are  
the  sample  mean ,  median ,  var iance,  a nd  au tocova r i ance  of  o rder  1 and  5. Not ice  t h a t  in 
the  case of  h - t h  au tocovar iance ,  a b lock size 1 co r re sponds  to  l b locks  of  size h in M B J ,  
and  1 + h - 1 miss ing observa t ions  in M2BJ .  We r epo r t  t he  e s t ima tes  for the  var iance  of  
these  s ta t i s t ics  and,  as r e c o m m e n d e d  in Car l s te in  et al. (1998), we measu re  the  a c c u r a c y  
us ing the  m e a n  square  er ror  (MSE)  of  the  l o g a r i t h m  of  t he  var iance.  

T h e  s imula t ions  have b e e n  car r ied  ou t  as follows. Firs t ,  for each m o d e l  M i  (i = 
1 , . . . ,  8), NT ~- 1000 repl ica t ions  have been  genera ted .  In  each rep l ica t ion  the  value 
of  the  s ta t i s t ic  TN is c o m p u t e d  a nd  the  " t rue"  value  of  the  var iance  o f  this  s ta t i s t i c  is 
ca lcu la ted  by  

a2N = N ENI T (T(~) -- T N ) 2 

NT 

where  TN = ~ N T  T ~ ) / N T .  T h e  log of  this  value,  log a ~ ,  is r e p o r t e d  in all t he  tables  
for each mode l  and  sample  size N .  

Second,  in the  jackknife  s imula t ions  (Tables  1 to  5) an  e s t ima te  of  the  var iance  is 
c o m p u t e d  by  the  following steps:  (1) For  each m o d e l  M i  (i = 1 , . . . ,  8) gene ra t e  a sample  
of  size N ;  (2) Select t he  l eng th  l, bui ld  the  N - l + 1 j ackkni fed  series and  c o m p u t e  in 

each series the  value of  the  s ta t i s t ic  TN; (3) C o m p u t e  the  e s t i m a t e d  jackknife  var iance  by  
(2.2) and  (2.4), mul t ip ly  by  the  sample  size N and  call t h e m  ~ v  and  ~ 2  respect ively;  and  
(4) R e p e a t  the  s teps  (1) to  (3) 1000 t imes  for each possible value 1. T h e  s ta t i s t ics  g iven 
are  E l ,  SD1, the  average  and  s t a n d a r d  dev ia t ion  of  the  s ta t i s t ic  log N 3  2 in the  1000 
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Table 6. MBB and M2BB to estimate a~v in the case of the sample mean. (*) denotes cases 
where the M2BB outperforms the MBB. 

Model N log o .2 E1 SD1 L1 MSE1 E2 SD2 L2 MSE2 

M1 480 3.21 2.93 0.24 30 0.135 (0.010) 3.00 0.19 5 15 0.079 (0.006)* 

M1 120 3.18 2.56 0.36 15 0.521 (0.031) 2.76 0.31 5 9 0.275 (0.018)* 

M2 480 1.68 1.60 0.11 2 0.018 (0.001) 1.70 0.10 1 1 0.011 (0.001), 

M2 120 1.70 1.83 0.20 3 0.055 (0.005) 1.65 0.19 1 1 0.040 (0.004), 

M3 480 1.82 1.66 0.16 15 0.052 (0.004) 1.87 0.11 3 5 0.014 (0.001), 

M3 120 1.83 1.51 0.18 4 0.130 (0.007) 1.86 0.17 2 3 0.028 (0.003). 

M4 480 -1.16 -1.08 0.16 25 0.033 (0.003) -1.09 0.16 1 15 0.029 (0.003) 

M4 120 -1.13 -1.10 0.24 15 0.057 (0.005) -1.03 0.20 1 8 0.049 (0.004) 

M5 480 -3.14 -2.84 0.17 60 0.117 (0.006) -3.12 0.22 1 55 0.050 (0.005). 

M5 120 -2.93 -2.57 0.19 30 0.167 (0.008) -2.90 0.24 2 30 0.056 (0.007). 

M6 480 -3.05 -2.96 0.22 60 0.056 (0.005) -2.96 0.11 1 10 0.020 (0.002). 

M6 120 -2.92 -2.85 0.21 30 0.049 (0.006) -2.94 0.22 1 15 0.047 (0.004) 

M7 480 -1.81 -1.74 0.20 40 0.045 (0.004) -1.76 0.18 1 25 0.035 (0.004). 

M7 120 -1.76 -1.79 0.27 25 0.072 (0.007) -1.72 0.26 1 15 0.068 (0.007) 

M8 480 1.18 1.09 0.13 9 0.025 (0.002) 1.17 0.08 1 1 0.006 (0.001). 

M8 120 1.17 0.98 0.17 4 0.064 (0.005) 1.15 0.12 1 1 0.015 (0.002). 

El, SD1 and MSE1 denotes the average, standard deviation and the mean square error of the statistic 
logNa~v in the 1000 replications using MBB method. E2, SD2 and MSE2 are the corresponding 
statistics using M2BB method. 

replications, and MSE1 = (log a 2 -  E( log 3~v)) 2 + SD( log  32)2 ,  the mean squared error. 

The  value of I given in L1 is the block size producing the min imum MSE. The values E2, 
SD2, MSE2,  L2 have the same interpretat ion and are computed  for the proposed method 
based on ~2 .  The results with the relative mean square error R M S E  = MSE('~2N)/a4N 
are similar and therefore are omit ted from the tables. 

Third, in the boots t rap  simulations (Tables 6 to 10) the est imate of the variance 
of the statistic is computed  as follows: (1) For each model  Mi  (i = 1 , . . . ,  8) generate 
a sample of size N;  (2) Choose the block length 1 (l and k in M2BB), build B = 250 
boots t rap  samples by randomly  selecting blocks with replacement among the blocks of 
observations and compute  in each boo t s t rap  sample the value of the statistic TN; (3) 
Obta in  the est imated boo t s t rap  variance by (2.8) and (2.10), mult iply by the sample 
size g and call them ~ 2  and ~2N, respectively; and (4) Repeat  the steps (1) to (3) 1000 
times. The values reported in the tables have the same interpretat ion as the jackknife 
ones. The only difference is tha t  for the method  M2BB in the column corresponding to 
L2, we also report  the value of k, the opt imal  length of the missing value block (k takes 
values in { 1 , . . . ,  5}). Note tha t  the MBB is equivalent to M2BB with k = 0. 

Due to the large number  of simulations, we find a significant difference between the 
two methods  in almost all cases. However, we are interested in large differences, e.g. 
MSE('~2N)/MSE('d 2)  > 1.25, i.e., gain of at least a 25 percent.  Additionally, we could 
use a smaller number  of simulations, as in Bfihlmann and K/insch (1994) and Biihlmann 
(1997); in such a case, the results are similar to those of the previous approach.  

Our main conclusions for jackknife methods  are as follows: (a) In the cases where 
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Model N log o2 E1 SD1 L1 A/ISE1 E2 SD2 L2 MSE2 

M1 480 3.31 3.06 0.29 30 0.147 (0.013) 3.10 0.19 5 9 0.084 (0.006)* 

M1 120 3.29 2.76 0.44 15 0.471 (0.035) 2.90 0.36 5 10 0.277 (0.021)* 

M2 480 2.04 2.08 0.24 15 0.058 (0.007) 1.98 0.14 1 1 0.023 (0.002)* 

M2 120 2.05 2.07 0.33 9 0.111 (0.013) 1.94 0.23 1 1 0.066 (0.006)* 

M3 480 2.05 1.89 0.23 15 0.075 (0.008) 2.06 0.14 3 5 0.021 (0.003)* 

M3 120 2.03 1.80 0.29 4 0.137 (0.013) 2.06 0.22 2 3 0.051 (0.006),  

M4 480 0.33 0.44 0.29 8 0.097 (0.009) 0.26 0.18 3 5 0.037 (0.004),  

M4 120 0.34 0.45 0.38 4 0.156 (0.016) 0.26 0.27 3 5 0.077 (0.009)* 

M5 480 - 0 . 1 0  - 0 . 0 4  0.30 15 0.093 (0.009) - 0 . 2 2  0.16 3 5 0.038 (0.003)* 

M5 120 - 0 . 1 0  0.05 0.37 7 0.162 (0.016) - 0 . 1 2  0.23 3 5 0.054 (0.005)* 

M6 480 - 0 . 2 8  - 0 . 2 3  0.30 15 0.092 (0.009) - 0 . 2 5  0.21 2 5 0.046 (0.004),  

M6 120 - 0 . 2 8  - 0 . 1 8  0.40 9 0.168 (0.019) - 0 . 3 7  0.27 3 5 0.084 (0.007)* 

M7 480 0.18 0.20 0.29 20 0.085 (0.011) 0.14 0.18 3 5 0.033 (0.003),  

M7 120 0.19 0.27 0.40 9 0.167 (0.019) 0.15 0.24 3 5 0.061 (0.007)* 

M8 480 1.45 1.36 0.21 6 0.053 (0.005) 1.39 0.12 1 1 0.017 (0.001),  

M8 120 1.43 1.27 0.28 3 0.105 (0.010) 1.39 0.16 1 1 0.028 (0.003),  

El, SD1 and MSE1 denotes  the  
log N ~ v  in the  1000 replications 
s tat is t ics  using M2BB method .  

average, s t anda rd  devia t ion and  the  mean  square  error of the  s ta t i s t ic  
using MBB  method.  E2, SD2 and MSE2 are the  corresponding 

Table 8. MBB and M2BB to es t imate  a 2 in the  case of the  variance. 

Model N log O2N E1 SD1 L1 MSE1 E2 SD2 L2 MSE2 

M1 480 4.22 3.88 0.33 20 0.219 (0.017) 3.86 0.33 3 20 0.233 (0.018) 

M1 120 4.11 3.28 0.53 8 0.970 (0.050) 3.24 0.51 3 7 1.026 (0.054) 

M2 480 3.98 3.73 0.27 15 0.139 (0.011) 3 .74  0.29 3 20 0.139 (0.011) 

M2 120 3.98 3.34 0.47 10 0.622 (0.036) 3.38 0.47 3 10 0.581 (0.037) 

M3 480 3.04 2.83 0.20 9 0.082 (0.006) 2.83 0.20 1 10 0.081 (0.006) 

M3 120 3.02 2.55 0.37 8 0.353 (0.023) 2.55 0.36 1 7 0.350 (0.022) 

M4 480 4.25 3.94 0.35 20 0.222 (0.017) 3.92 0.36 4 25 0.238 (0.019) 

M4 120 4.25 3.50 0.56 9 0.875 (0.050) 3.46 0.56 4 7 0.948 (0.053) 

M5 480 2.07 1.95 0.17 9 0.044 (0.004) 1.95 0.17 1 8 0.043 (0.004) 

M5 120 2.08 1.81 0.28 3 0.152 (0.012) 1.80 0.26 1 2 0.146 (0.011) 

M6 480 2.39 2.24 0.20 7 0.062 (0.005) 2.25 0.18 2 4 0.050 (0.005) 

M6 120 2.40 2.09 0.36 6 0.225 (0.019) 2.10 0.33 2 4 0.199 (0.017) 

M7 480 3.47 3.26 0.27 15 0.118 (0.009) 3.26 0.27 1 15 0.115 (0.009) 

M7 120 3.48 3.01 0.46 8 0.438 (0.030) 2.98 0.46 1 7 0.464 (0.029) 

M8 480 2.08 1.93 0.18 5 0.052 (0.004) 1.95 0.18 1 5 0.048 (0.004) 

M8 120 2.06 1.80 0.31 3 0.168 (0.012) 1.79 0.30 1 4 0.163 (0.012) 

El, SD1 and MSE1 denotes  the  average, s t anda rd  devia t ion and  the  mean  square  error of the  s ta t i s t ic  
l o g N ~  in the  1000 replicat ions using MB B method.  E2, SD2 and  MSE2 are the  corresponding 
s tat is t ics  using M2BB method .  



782 ANDRI~S M. ALONSO E T  AL. 

Table 9. MBB and M2BB to es t imate  a~v in the  case of the  autocovar iance  of order 1. (*) 
denotes  cases where M2BB outperforms the  MBB. 

Model N log a~N E1 SD1 L1 MSE1 E2 SD2 L2 MSE2 

M1 480 4.17 3.79 0.35 25 0.268 (0.019) 3.80 0.32 3 20 0.245 (0.019) 

M1 120 4.04 3.13 0.61 15 1.195 (0.065) 3.14 0.53 3 7 1.081 (0.059) 

M2 480 3.69 3.41 0.27 20 0.153 (0.011) 3.43 0.24 3 9 0.125 (0.009) 

M2 120 3.67 2.99 0.46 10 0.678 (0.036) 3.11 0.45 3 7 0.519 (0.034)* 

M3 480 2.66 2.45 0.23 20 0.098 (0.007) 2.48 0.22 2 10 0.080 (0.006) 

M3 120 2.62 2.11 0.39 8 0.414 (0.025) 2.18 0.37 2 5 0.336 (0.025) 

M4 480 4.20 3.84 0.37 20 0.263 (0.019) 3.86 0.37 4 25 0.247 (0.019) 

M4 120 4.19 3.35 0.62 15 1.081 (0.058) 3.37 0.57 4 7 1.002 (0.056) 

M5 480 1.52 1.36 0.19 9 0.065 (0.005) 1.39 0.18 1 5 0.049 (0.004)* 

M5 120 1.51 1.20 0.32 5 0.194 (0.013) 1.24 0.30 1 3 0.159 (0.012) 

M6 480 2.05 1.88 0.24 15 0.086 (0.008) 1.90 0.19 2 4 0.057 (0.005)* 

/vI6 120 2.04 1.65 0.40 8 0.315 (0.025) 1.73 0.35 2 3 0.217 (0.020)* 

M7 480 3.34 3.09 0.30 20 0.151 (0.011) 3.10 0.28 2 15 0.133 (0.010) 

M7 120 3.33 2.77 0.50 10 0.564 (0.037) 2.81 0.53 2 10 0.544 (0.037) 

M8 480 1.52 1.34 0.20 8 0.073 (0.005) 1.41 0.20 1 8 0.051 (0.005)* 

M8 120 1.48 1.09 0.29 3 0.231 (0.014) 1.16 0.28 1 1 0.179 (0.013)* 

E l ,  SD1 and MSE1 denotes  the  average, s t anda rd  deviat ion and  the  mean  square  error of the  s ta t is t ic  
l o g N ~ v  in the  1000 replicat ions using MBB  method.  E2, SD2 and MSE2 are the  corresponding 
s tat is t ics  using M2BB method.  

Table 10. M B B  and M2BB to es t imate  a ~  in the  case of the  autocovar iance  of order 5. 

Model N log a2N E1 SD1 L1 MSE1 E2 SO2 L2 MSE2 

M1 480 3.79 3.30 0.39 35 0.389 (0.022) 3.31 0.37 3 25 0.366 (0.022) 

M1 120 3.55 2.60 0.47 5 1.133 (0.045) 2.59 0.53 2 10 1.204 (0.054) 

M2 480 3.50 3.16 0.29 30 0.201 (0.013) 3.18 0.29 4 25 0.189 (0.012) 

M2 120 3.43 2.68 0.38 5 0.702 (0.032) 2.76 0.44 3 10 0.643 (0.035) 

M3 480 2.39 2.15 0.18 15 0.092 (0.006) 2.19 0.20 2 15 0.081 (0.006) 

M3 120 2.30 1.94 0.30 5 0.212 (0.015) 1.92 0.31 1 9 0.241 (0.016) 

M4 480 3.84 3.40 0.39 30 0.351 (0.020) 3.40 0.39 2 25 0.337 (0.019) 

M4 120 3.79 2.89 0.46 5 1.034 (0.045) 2.92 0.54 3 10 1.053 (0.050) 

M5 480 1.37 1.29 0.14 5 0.025 (0.002) 1.29 0.13 1 6 0.022 (0.002) 

M5 120 1.33 1.24 0.25 5 0.070 (0.006) 1.22 0.24 1 4 0.069 (0.006) 

M6 480 1.69 1.56 0.15 5 0.038 (0.003) 1.60 0.17 2 9 0.034 (0.003) 

M6 120 1.65 1.51 0.27 5 0.095 (0.011) 1.50 0.28 2 6 0.100 (0.012) 

M7 480 2.78 2.52 0.24 15 0.124 (0.008) 2.54 0.26 2 15 0.124 (0.008) 

M7 120 2.73 2.40 0.41 5 0.273 (0.018) 2.34 0.37 1 4 0.292 (0.019) 

M8 480 1.36 1.26 0.13 5 0.027 (0.002) 1.28 0.13 1 9 0.024 (0.002) 

M8 120 1.28 1.18 0.25 5 0.073 (0.007) 1.17 0.24 1 4 0.069 (0.007) 

El, SD1 and MSE1 denotes  the  
log N0 "2 in the  1000 replications 
s ta t is t ics  using M2BB method.  

average, s t anda rd  deviat ion and  the  mean  square  error of the  s ta t is t ic  
using MBB  method.  E2, SD2 and MSE2 are the  corresponding 
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Fig. 1. Moving blocks methods to est imate a~r in the case of the sample mean. 

there is a substantial difference between the two methods, the missing values replacement 
generally gives the least MSE. In particular, only in the case of the sample mean and 
models M3 and M8, the MBJ have a better performance; (b) for the median, and models 
M1 and M5-M8, the M2Bj outperforms the MBJ; (c) the methods are "equivalent" 
for the variance, but for the first autocovariance the proposed method gives a large 
improvement in three cases; and (d) for the autocovariance of order 5, which is the 
statistic that  depends on the largest m-dimensional marginal distribution, in all cases 
and sample sizes the M2BJ has a significantly smaller MSE than MBJ. We can conclude 
that the proposed method works better in general than previous procedures and that 
the advantages are especially great for autocovariance, especially for lags greater than 2. 
Other simulation studies (not shown here) have confirmed this advantage of the proposed 
method in estimating the variance of autocovariance for lags larger than 2. As for the 
optimal value of l, it is larger in MBJ than in M2BJ. In Figs. 1-3, columns 1 and 2, 
we illustrate the performance of MBJ and M2BJ methods in different scenarios. It is 
observed that  M2BJ tends to reduce the bias, the variability or both. 

In the comparison of bootstrap methods, we observe that: (a) In the cases where 
there is a substantial difference between the two methods, the missing values replacement 
always gives least MSE; (b) for the mean, in almost all models, and for the median, in 
all models, the M2BB outperforms the MBB; (c) the methods are "equivalent" in the 
variance and the autocovariance of order 5 (although the M2BB outperforms the MBB 
when the sample size is large, 480) but for the first order autocovariance the M~BB 
outperforms the MBB in all the cases and the differences are significantly larger for 
moving average models. In Figs. 1-3, columns 3 and 4, we illustrate the performance 
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of MBB and M2BB methods in different scenarios. It is observed that M~BB tends to 
reduce the bias, the variability or both. Similar conclusions are obtained using optimal 
order block length l = n 1/3 and k = 1 missing value in each block. The empirical 
selection of the number of missing values in each block could be solve by cross-validation 
or by the jackknife-after-bootstrap method. The jackknife-after-bootstrap appears as 
a computationally efficient method for estimating the bias and the variance of block 
bootstrap quantities as was illustrated in Lahiri (2002). 

6. Conclusions 

We have presented a modification of the idea of using blocks for jackknife and 
bootstrapping estimation in time series. In the jackknife method, instead of deleting 
observations, we propose to assume that these observations are missing values. For 
independent data both procedures are equivalent, but  for correlated data they are not. It 
has been shown, that with this procedure better results can be obtained in the model free 
estimation of the variance of the autocovariance of a stationary process. The advantages 
are especially important for larger lags. The consistency of the estimation of the variance 
and distribution of the sample mean has been established. 

In the block bootstrap case we propose to assume that there are missing obser- 
vations between two consecutive blocks. In this way, the dependence structure among 
observations is better preserved and it has been shown that this procedure leads, in 
general, to better estimation than previous procedures, especially for large sample sizes. 
Consistency of the estimation of the variance and distribution of the sample mean has 
been proved. 

One additional advantage of this approach is that we are always dealing with com- 
plete series and, therefore, the usual routines for computing statistics in a time series 
can be applied to the jackknife or bootstrap samples generated with the missing value 
approach. In particular, previous bootstrap procedures can be seen as particular cases 
in which the length of the missing values block is equal to zero. 
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Appendix A 

PROOF OF LEMMA 4.1. Using (3.8) and (4.2), we obtain: 

(A.1) n(T(~ ) - TN) = ' , -1 - 1 H j G - I ( X  - W n , j H j ( H ) E  Hi )  - #) 

and 
(A.2) E[n2(T(~ ) TN) 2] w , , j H j  t - 1  - - 1 ,  - = ' ( H } N  H i )  g } w , ~ , j .  

Let c~j = {j + 1 , j  + 2 , . . .  , j  + l}. Using the formula for the inverse of a partitioned 
matrix, 

(A.3) , --1 1 (H}E H i ) -  = ( ~ - l ( c t j ) ) - i  = ~ (oL j )  , , - 1  , - 
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where E(a j )  is the principal submatrix of E with the elements indexed by aj ,  and 
E(c~j, @) is the result of taking the rows indicated by aj  and deleting the columns 
indicated by c~j. E(c~},c~j) and E((~}) are defined analogously, el. Horn and Johnson 
(1990). Note that E - l ( a j )  is a submatrix of E -1, while E(cu) -1 is the inverse of a 
submatrix of E. 

Using (2.4), and (A.2)-(A.3), we get: 

n- l  
(A.4) E[nK3.&] = (rt -- I -b 1)-11-1 E E[/t2(T2~) - TN)2] 

j=0 
- 1  t 

= 1 Wn~llW n 
n--l 

- ( n  1 + 1 ) - ' / -1  E w ' n E ( a j ,  ' ' -lz(o~, - 

j=O 

where wn = (Wn(1),. . . ,wn(1)) '  = ' H}Wn,j = llxl ,  and E(c~j) = Eu is the l x I autoco- 
variance matrix. 

2 We have that  We now prove that  l- lw~nEuwn ~ a ~ .  

(A.5) 1-1 WnY]llW a t  . . . .  l-l(l"/O + 2 ( / -  i)" h + + 2"7/-1) 
l--1 l-1 

= E 7 m -  2/-1 E m"/m, 
m=--/+l m=l 

2 using that l(n) oc and }-]+~1 mlT,~l < oc. which has limit aoo -~ 
Now we prove that the second term in (A.4) goes to 0. First, note that 

(A.6) 

= ~ T m §  "or E "frn+i-1 
m=l m=l i=1 

max{j,n--l--j} 

_< 2 E %~+i-1 
m=l 

n- l  l 

__~ 2 E E ['7m+i-11 
rn=l i=1 

<_  2 ml> l. 
m=l 

Second, we can write 

then 

E = 

A B !] 
B' 2(a ) , 

C' D' 

C ~ 
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Define 

= B A . 

D ~ C I 

Note that E is also symmetric and x ' E z  = ~'E2, where x' = (x~, x2,.. . ,  Xn) and 
~t = ( x j + l , . . . , x j + l , x l , . . . , x j , x j + z + l , . . . , X n ) .  Then 

~ x ' E x  } 
Am~x(E) = m a x (  x ' x  : x ~ O = m a x  

and the same is true for Amin(E ). Thus, we have 

Finally, 

~,-~ : ~ r 0 = ~ ( ~ )  

Since E(a}) is a principal symmetric submatrix of E, we have: 

/~min(~) ~ /~min(~(OZ})) and ,~max(~(O~})) ~ )~max(~) 

/~max(~(OL~) -1) ~ /~max(~ -1) and ~min(~ -1) ~ .~rnin(Y](o~;)-l). 

PROOF OF LEMMA 4,2. Let 

then, using (3.5), 

(A.7) 

and 

(A.S) 

t t t --1 t t --1 I t 2 

_< (2~F1)- '  2 m b m  , 

and thus the second term in (A.4) goes to 0 as l goes to infinity. [] 

A1 B1 C1 

B~ ~--I(c~j) D1 

L C~ D~ E1 

Zj -1  t - 1  -1  t = z  Hj(HF~ H~) H~ 
O j x j  BI(~-I(oLj)) -1 O j x N - I - j  

= O1xj Izxt Ozxg- l - j  

O N - l - j x j  D~(Z-I(olj)) - 1 0 N - l - j x N - l - j  

N 

Wn, j  = 

B1(E- l ( a j ) ) - l l t x l  

l/x1 
Di (r,-1 (~j))-I  ll• 1 

27rF1 ~ ,~min(~) ~ /~max(~) __~ 27rF2 

(27rF2) -1 ~ ,~min(~ -1) ~ ,~max(~ -1) ~ (27rF1)-l. 
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The elements in positions j + 1 , . . .  , j  + 1 are all l's, and the remaining elements 
depend o n  t h e  product ~ - l ( o ! } , O ~ j ) ( ~ - l ( o / j ) )  - 1 ,  b e c a u s e  [B~] = - 1  , E (ai,aj).  Using the 
expressions for the inverse of a partitioned matrix, we obtain 

- ~  , ( E ( 4 . , a A E ( a J - ' E ( a j , a j )  - -  , - ~  , Z ( ~ ) )  Z(~j ,  ~ ) Z ( ~ j ) - '  (%, a~) = 
( ~ - - l ( o / j ) ) - I  ~ ( O L j )  ' ' - 1  ' = - z ( ~ j , ~ , ) r % )  ~ ( ~ , ~ ) .  

Let's denote Qj = (E(a},  a j ) E ( a j - X E ( a j ,  a}) - E (a} ) ) - l ;  then 

(i.9) --1 t t t t - - 1  t r (~j,  ~ j ) ( r , -~ (~ j ) )  -~ = O~Z(~j ,  ~j)  - (I + O j r , ( ~ ) ) z ( % )  z ( ~ j ,  ~j)  
t --1 t = - ~ ( % )  ~ ( ~ j , , ~ ) .  

Thus, we can concentrate our attention on - Z ( ~ ) - ' ~ ( ~ ; , , ~ , ) .  We have that 

(A.10)  E ( a ; ,  a j )  = 

7j 7jq-1 "** 7 j+l -1  

7j--1 7j  "'" 7j+1--2 

: : : 

71 "/2 " '"  7t 

71 7 1 - - 1  " " " 7 1  

: : : 

7n-2- - j  7 n - 3 - j  "'" 7n--l--l--j 

7 n - l - j  7 n - 2 - j  "'" "~n-l- j  n - l •  

Let E(a~-,aj)n-l• be the matrix obtained by substituting 0 in every position of 
matrix E(a~, at)  where the index m of 7m satisfies m > [p/2]. The difference between 
E(a~ ,aj )  and E(a~,aj) satisfies 

(A.11) ]l(E(a},oej) - E(a'j,aj))wn]]2 <_ ]l(E(a~,aj) - E(a},aj))w.]ll 
n--1 

_< 2 ~Z~ ~ l T m l = o ( Z - ~ / 9 ,  
m=[ll/2]+l 

oo n - 1  since E r n = l  m2[Trnl  < CO i m p l i e s  ~--]m=[Z~/2]+ 1 m[Trn [ = 0 ( l - 1 / 2 ) .  

[ Ej -I , j -1  F ] ,  where Eh,h is the h x  h On the other hand, E(a})  = 
F '  ~ n - l - j - l , n - l - j - 1  J 

autocovariance matrix. 

have that 

Define ~ ( ~ )  : ] ~ j - l , j - - 1  0 
O' ~n-l - j - l ,n- l - j -1  ; as earlier, we 

(A.12) l ira@)-1  - ~ ( ~ ) - l l l s p ~ c  

ii ~]  (OL}) -- 1 ( y ]  (OLd) ~ t - -  t - -1  = - P,( - j ) )P,(~j)  IIspoc 

< i [ ~ ] ( O ~ ) - i l l s p e c l [ ~ ] ( O ~ )  -- t -- t --1 _ - P,%)lls,~clIP~(%) IIs,~r 

_< (2~rF~) -2 ( l ]E(a~)  - ~(o~j)ll=o~IIz@) - E(a~)ll ,-ow) x/2 
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n - 1  

(2~F~) -= ~ I~y~l, 
m = / + l  

o~ n - 1  
a n d  E m = ~  m21~-~l < cc implies E m = / + l  I~/ml : 0( / - -2)"  L e t  ~ a  = [~a]hxh b e  the h x h h,h 

covariance mat r ix  of an AR([/1/~])  process such that E [ ~ l l / 2 ] , r l l / 2 l  ~-- E [ l l / 2 l , [ l l / 2  ] . 

We can assume tha t  ~ = ~  ~ m I%~1 < oc, see Bi ih lmann  (1995). Define E ( a } )  = 

~ 3 - - 1 , j - - 1  

ff 

(A.13) 

1 

0 /, t hen  we have the following results: 
~ a - l - j - l , n - l - j - 1  J 

liE(a}) - 1 I  E ( a ; ) - ~  II~p~ 

]1~(O~3)--1 ( ~ ( O z 3 ) ~ ( C t } - ' - - 1  - -  - ))z(~j) I1~o~ 
/ --1 ~ / - p - ,' --1 

n--1 

<_ 2(~F,)  -~ ~ (l'Yml + I'Y~l), 
m=[l l /2]+l  

oo n--1 and E ~176 ?Tt21"/ml < oc and E m = l  rn2]Y~t < ec imply t ha t  Em=[ t l /2 ]+ l  17ml = o ( / - 1 )  
n--1 a 

and Em=[ll/2]q_i I"~ml : o( l - -1)"  

Note t h a t  ~(Oz}) -1 is a [/1/2J-diagonal matr ix;  then  E ( a j )  E(ctj ,otj)w,~ has at  
mos t  4[/1/21 non  zero elements.  Define z~n,y replacing in t~,~,j the  matr ices  E(a~) -1 

and E(a},  a j )  wi th  E(a})  -1 and ~(a} ,  c~r then  z~n,j has at  most  l + 4[/1/2] non zero 
elements.  

Finally, 

II~n,j  Wn,jll  2 , --1 t - , - - 1 ~  , - -  =11~(%) ~ ( ~ j , ~ ) ~ n - - ~ ( ~ )  z ( ~ , ~ ) ~ , l l 2  
_< IIr~(~j)-~z@. ~ j ) w . - -  ' - - 1  t , z ( % )  z (~ j ,~ j )w~l l2  

- / - - 1  / - t Z l ~  t 
+ IIz(~j) ~ ( ~ j , ~ ) ~ -  ~(~j) z (~j ,~ )~ . l l~  

----II(~(Oz~.)-I  - t --1 ' 

+ I I~(a})- l (E(~) ,c~j )  - ' - z(~j, ~j))~,  II 
__~ I I ~ ( O Z ) ) - - i  - , - 1  - ~(~5) IIs,~cll~(~j,~;)w~ll~ 

- / - - I  ! ~ I 

+ I I z ( ~ j )  I I ~ l l ( r ~ ( ~ j , ~ j )  - r4~j,~))w~li~, 

and using (A.11)-(A.13) we have tha t  [[Wn,j - @n,jll2 = 0(1--1/2) . [] 

P R O O F  OF C O R O L L A R Y  4.1. We have 

( A . 1 4 )  n ~ a c k  = n211wnll; 2 ( n -  l + 1) - 1 E ( T ( ~  ) - -  T N )  2 -- (T~r) - T N )  2 , 

j=O 

and it is enough to prove tha t  SN = n ( T ~  ) - TN) = ( n - - 1  + 1) -1 ~jn=--t o f f)n,j(X - #) is 

Ov(1 ). It 's  clear tha t  E[SN] = 0, and  

n--l n - I  

(A.15) E [ ~ ]  = (n - t + l) -2 ~ } 2  ~" j r ~ # .  
j = 0  i=0  
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As in Lemma 4.2, we can concentrate our a t tent ion on 

(A.16) 
n--l n--l 

( n - l +  1)-2 E E @fn,iE@n,j. 
j=0 i=0 

Replace 3'm with a 0 in each posit ion of the matr ix  E where m > 1. Let E denote 
the resulting matrix. Since ilz - ~llsp~c = o(l-1), then 

(A.17) 
n--l n--l n--I n--l 

(n - 1 + 1) -2 E E t~, jE@n,i  = (n - 1 + 1) -2 E E ~)tn,j ~ ) n ' i  -t- o(1). 
j=o i=o j=o i=o 

On the other  hand, note tha t  Wn,jEWn, i is equal to a sum of between 1 a n d / + 4  [/1/2] 
non zero summands ,  where the size of the  sum depends  on the different values of i and 
j .  Then 

(A.18) 

and 

(A.19) 

n--l 
I@'~,jE@n#l < 2C(1 + 2 + . - - +  (l + 4[/1/2])) = O(t2), 

i=0  

n--l n--l 
(~ l + 1) -~ F_, - '  - - -  E Wn,jY]Wn,i = O((n - I + 1)-1/2), 

j = 0  i=0 

l fX) where C = E , ~ = - z  I~/ml max{l ,  (TrF1) -1 }-]m=] ml~r~l}. Finally, i f / =  o(nU2), we obtain 

that  SN P 0. [] 

PROOF OF LEMMA 4.3. 

Kavalieris (1986) and Biihlmann (1995)) 

(A.20) max ]~m - "Tin[ = O((n / logn)  -1/2) 
O<m<p 

Under these assumptions,  we have tha t  (cf. Hannan and 

and there exists a random variable n] such that:  

O O  

(A.21) sup ~ m21"~ml < +oo 
1 

n>_nl m = 0  

Thus,  we have that:  

a . s .  

OO 

(A.22) I1~ - ~ll=oz ~ 2 ~ I~m -- ~ml 
m = 0  

and 

=2 -~/ml + 
m=p+ 1 

a.s., 

= o ( ( n / l o g  n ) - l / ~ ) p  + o (p-2 )  a.s. 
-- o ( (n / ]ogn)  -1/3) a.s. 



RESAMPLING USING MISSING VALUES TECHNIQUES 

(A.23) i1~-1 _ ~-111~oz _< IIZ -111~ot IIZ - ~ll~ot l iE- '  I1~o~ 
: O((Tt/1ogTt) - 1 / 3 )  a.s.  

Define B j ,  A j ,  B j  and _~j by 

(A.24) Bj  = A s - T N )  2 

and 
2 --~(S) 

(A.25) B j  = ~jj = n ( T  N - T N )  2. 
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Note that  ]Bj - B j l  = IAj - .4jlIAj + Aj l .  Next,  we find a bound tha t  does not 
depend on j .  

Using vector  @n,j defined in Lemma 2, we have 

(A.26) IAsl ~- I~tn,j( X -- ff~)[ ~-- IZT/n,j( X -- fs  -'1- I(Wn,j -- "t~n,S)'( x -- "eY)I 

= O p ( l  1/2) -[- O p ( l - 1 / 2 ) .  

For  IAjl, we can proceed in a similar way. Note that  E is an autoregressive est imator  

and then ~ - 1  is a (2p + 1)-diagonal matrix. Therefore, wn, j  has at most  O ( m a x ( l , p ) )  
non zero elements. 

..'x(P) Lets denote  a(p)  the indexes of non zero elements in wn, j  and define a vector  wn, s 
(P,~ ~(P) such that  @(P) = ~(P) and ~ = O. By definition, ,w,~,j has at most  O(max(/ ,  p)) n,j ,~(p) n , j  , ,o~(p)' 

non zero elements and IIz~,j Wn,Sl]l = -(P) -- Wn, j -- Wn,jl[1 -I-It'Wn,j -- Wn,j~"(P) II1" 
Now, 

(A.27) 

(A.28) 

and 
(A.29) 

Then, 

(A.30) 

(A.31) 

(A.32) 

[A s - fftjl = [(~n,S - w n , j ) ' ( X  - f ( ) l  

~(P) V ( X -< I'(w~,j-(P) - ~ - , j ) ' (  x - X ) I  + I ( G , s  - ~ ,~ ,  , - -  - 2 ) 1 ,  

I I ~ j  - Wn,5lll = I I E - 1 H j ( H } E - 1 H j ) - I H j w n , j  

-- ~ - l n j ( H ~ - l H j ) - l H j w n , j [ [ 1  

_< l( l l~ -1 _ } - l l l ~ o ~ l l ( z - l ( ~ s ) ) - l l G  ~ 

+ I I E - 1 1 G z l l ( 2 - 1 ( o ' j ) )  - 1  - ( ~ - x ( ~ j ) ) - ' l l ~ o t )  

l l ~ - l ( - s )  -1 - ~ - l (~J ) - l l l co~  <- l l~(~s) - ~(~j)llco, 

+ I I ~ ( ~ j , @ z @ ) - l z ( G , ~ s )  

-- ~(O~j, 0:'~)~,(~;-)-1~(0'3, Olj)llco l 

<_ 0(l l /2)11E - Elliot 
= Oa.s.(l l l2(Zt/log Tt)-l/3). 

IIzG,y - ~ , y  Ill = Oa.s. ( [312(n/ log/ t )  -1/3),  
IAj - -4j l = oa.s. (13/2(n/ log n ) -  U 3 ) O p ( m a x (  l, p), /2) ,  
IBj - Bj l  = (OP(11/2) + O e ( m a x ( I , P ) l / ~ ) )  
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and 

(A.33) 

x Op(max( l ,  p ) 1 / 2 1 3 / 2 ( n / l o g  n)-1/3) 
= o p  (max(l, p)1/212 (/z/log n)- 1/3) 

+ o p ( m a x ( l ,  p ) 1 3 / 2 ( n / l o g  n)--1/3), 

ift.~2ac k A2 - nY j~ck  t = op  (max(t,  p) l / 2 l ( n / l o g  n ) -  1/3) 

+ o p ( m a x ( l ,  p)l 1/2 (n/ log n ) - 1 / 3 ) .  

To finish the proof, we only need to consider the two possible cases 1 < p and 
l > p. In the first case, we need tha t  l = O ( ( n / l o g  n) 1/4) which is trivially satisfied since 
1 = O(p), and in the second case we need tha t  1 = O ( ( n / l o g n ) 2 / 9 ) .  Just  rest to impose 
tha t  l = O ( ( n / l o g n ) 2 / 9 ) .  [] 

PROOF OF THEOREM 4.2. We extensively use the relation between HN and LN 
and the symmet ry  of J(p) ,  i.e. J ( x ,  p) -- 1 - g ( - x ,  p) and the following result from 
Politis and Romano (1994a): 

THEOREM. (Politis and Romano (1994a)) A s s u m e  that  there exists a l imi t ing law 
J (p )  such that  JN(P)  converges weakly to a l imit  law J(p) ,  as n -+ oo, and that  ~-b/T,, -+ O, 
b / n  --~ 0 and  b --+ oo as n ~ oo. Also  assume that  the a - m i x i n g  sequence satisfies that  
C~x (m)  --+ 0 as m ~ co. 

1. I f  x is a cont inu i ty  point  of  J(-, p), then L N ( X )  ~ J ( x ,  p) in probability. 
2. I f  J( . ,  p) is cont inuous ,  then supx I L g ( x )  -- J ( x ,  P)I ~ 0 in probability. 

By symmetry,  if x is a continuity point of J(-, p), then - x  is also a continuity point. 
Then,  using s ta tement  (1) of the theorem, we have 

(A.34) H N ( X )  : 1 -- L N ( - - x )  --+ 1 -- J ( - x ,  p) = J ( x ,  p) in probability. 

Using s ta tement  (2) of the theorem, we obtain convergence to 0 in probability, since 

(A.35) sup x IHN(x )  -- J ( x , p ) ]  = sup~ I1 - L N ( - - x )  -- (1 -- J ( - x , p ) )  I 

= sup x [LN( - -x )  -- g ( - x , p ) ] .  

Notice tha t  if Tt = V~, using the fact tha t  1/n  ---* 0, then the coefficient - r l l - l (n  - l) 
is close to v / n ( n  - l)1-1 which is the standardizing constant  of Wu (1990). [] 

PROOF OF PROPOSITION 4.2. We have tha t  

(A.36) 
n 

l--1/2 E wn(t -- j)(.~t,j - TN) 
t = l  

n 

= t - 1 / 2  ~ n ( t  - y ) ( 2 ~ , j  - It) - t l / 2 ( T N  - It) 
t = l  

n 

= l -1 /2  E Wn(t  -- J ) ( X t , j  - I t) -t- O p ( l l / 2 n  -1 /2)  
t = l  

= 1-1/2W~n,j(X j - It) + O p ( l l / 2 n - 1 / 2 ) ,  
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where w" 0 = (Wn(1 -- j ) , . . . ,  wn(n  -- j))  and )(~ = ( J~ l , j , - - . , ) ( aS) -  Now, 

(A.37) 1-x /2w' , j (X j  - -  ~ )  = l - 1 / 2 W l n , j ( I  - -  Hj ( H ~ E ' - I H j ) - I  t - 1 H I E  ) (X  - p) 

~- l - - 1 / 2 ( W n , j  - -  w n , j ) ' ( X  - -  I . t) .  

(A.38) 

From the proof  of Lemma 4.2 we have tha t  

- -1  t - - 1  --1 t Wn,j----~ Hj(H~E Hi) H jWn, j=  

and 
(A.39) 

B ( ~ - l ( a j ) ) - l l l x l  

l/x1 

D ' l ( E - l ( a j ) ) - l l t x l  

] ]E-l(a} a j ) ( Z - x ( a j ) ) - l l ]  1 1] , - 1  t , = - Z ( ~ j )  Z (ag ,a j ) ] ] l  
OlD 

_< 4 M  Z ml~/m[" 
m = l  

Notice that  bound (A.39) does not depend on j .  Then, 

(A.40) 
[ B(E-~(aJ))-~ll• 

lJ~n,j--~,~lt~ = [D~(r_1(~))_11~• 1 
__~ IlZ -1(0~; ,  O l j ) (~  - 1  (OLj)) - 1  [[1, 

and for some 0 < e < 1/2, 

1-1/2(w,,j  - W n , j ) t  ( x  - -  ~t) = o p ( l - 1 / 2 + e ) .  (A.41) 

Therefore, 

(A.42) 1-1/~ ~-~wn(t  - j ) (Xt , j  - TN) = Op( l l /2n  -1/2) -t- op(l-1/2+e). 
t= l  

Then, only rest to use that  1 = o(n). [] 

PROOF OF PROPOSITION 4.3. Assuming that  n -- s(1 + k), we have that  

(A.43) 
s l + k  

(W + k)) -'/2 } 2  A, (X(i_l)(l+k)+ j R,~) 
i = l  j = / + l  

= (s(1 + k))-l /2W'([s(l+k) - H ( H ' ~ - I H ) - I H ' ~ - I ) ( x  * - X),  

793 

. . .  X* ~' where Is(~+k) is the s(l + k) x s(l + k) identi ty matrix,  X* = (X~', , s(~+k)J, = 

-~nln• and W is a s(l + k) x 1 vector defined as 

W'  = ( 0 , . . . , 0 , 1 , . . . , 1 ,  . . . . . .  , 0 , . . . , 0 , 1 , . . . , 1 ) ,  

l t i m e s  k t i m e s  l t i m e s  k t i m e s  

i.e., W indicates the missing observations positions. 
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Analogously to M2BJ, the matrix H ( H ' E - 1 H ) - I H ' E - 1  have submatrices equal to 
the k x k identity matrix in the missing observations positions, and the remaining non- 
zero elements are elements of - E ( a ' ) - l E ( a  ', a), where a = (l + 1 , . . . ,  l + k, 21 + k + 
1 , . . . , 2 ( / +  k ) , . . . , . . . , s l  + ( s -  1)k + 1, . . . ,s(1 + k)). Therefore, 

(A.44) W ' ( I -  H ( H ' E - 1 H ) - I H ' E  -1) 

=- ( a l , . . . , a l , 0 , . . . , 0 , . . . , a ( s _ l ) ( l + k ) + l , .  . . . . .  , a ( s _ l ) ( l + k ) + l ,  O, . . . , O),  

k t i m e s  k t i m e s  

where the a's are 0 or are the sum of one column of - E ( a ' ) - l E ( a  ', a), and they satisfy 

y•fl(z+k) t : l  lat[ < 4 M E ~ = l m l % , [ .  Then, 

E* (s(l +k) )  -1/2 E a t (X;  - f(n) 
t = l  

(A.45) 

and 

(A.46) 

= O, 

E* (s(1 + k)) -1/2 E a t (X;  - fin) 
t=l 

~(l+a) ~(l+k) 

: ( 8 ( l  -~- k)) -1 E E 
t=l r=l 

,(z+a) ,(z+k) 

<_ ( 8 ( l  -4- k)) -1 E E lata,-IE*[(X; - Xn) 21 
t=l r=l 

ataTE*[(X; - f(n)(X* - )(n)] 

~- (8(1 q- k ) ) - l o ( X ) O a . s . ( 1 )  ~-- O a . s . ( ( 8 ( 1  q- k))- l+e),  

for s o m e 0 < e < l .  
~-.,(Z+k) "X* - f(n) Op(1) Finally, (A.45) and (A.46) imply that (s(l + k)) -1/2 2-,t=1 a t (  t --- 

for almost all sample sequences X I , . . . ,  XN.  [] 

PROOF OF LEMMA 4.4. We have, 

(A.47) 

and 

(A.48) 

( 8 ( l  ~- k ) ) 1 / 2 ( 2 : , s  - ~( .n)  

---- ( 8 ( l  -Jr- ]g))--l/2 ( X ( * - l ) ( l + k ) T j  - -  ~ ( n )  

\ i=1 j=l 

+ E A. (X(~_l)(l+k)+ j -- 2n)  
i=1 j=/+l 

(,(1 + k)) l /2(2n,  - 2n )  

(•177 = (s(l + k)) -1/2 ( X ( * - l ) ( l + k ) + j  --  f ( n )  

\ i = l  j=l 
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l+k ~ .  ) 

+ E ( X ( i - 1 ) ( l + k ) + j -  X n )  " 
i=1 j = l + l  

Then, 

(A.49) 

(A.50) 

and 
(A.51) 

( W  + - y e n ) -  ( W  + - Y n) 

= (s(l  + k ) ) - I / 2 W ' ( H ( H ' ~ - I H ) - I H ' ~  -1 

-- H ( H ' E - 1 H ) - I H ' E - 1 ) ( X  * -- 2 ) ,  

E * [ ( 8 ( / +  k ) ) 1 / 2 ( 2 : , s  - -  f~n) - (8(l + ]~))l/2(X~, s - -  ~['n)] 

~(l+k) ] 
= E* (8(1 + k)) -1 /2  E (at - at)(X; - X n )  

t=l  

s(l+k) 

= (s(l  + k)) -1 /2  E (3t - a t )E* [X t - Xn] = 0, 
t~ l  

n * [ ( ( s ( / +  k ) ) l / 2 ( ~ : ,  s - X n )  - (8(l + k) ) l / 2 (X~ , s  - .Xn)) 2] 

s(z+k) s(l+k) 
=(s( l+k) ) - l /2  E E (~t-at ) (3r-a~)  

t= l  r : l  

• E*[(x; - * -- X n ) ( X  r - .3~n) ] 

~_ (8(1 + k)) -1 E E I(~t -- at)(a~ - a,.)lE*[(X; - )~)2] 
t=l  r= l  

= (s(l + k))-lOa.s.((sk)3(s(1 + k)log(s(/+ k)))-2/3)Oa.s.(1 ) 
= oa O). 

Finally, (A.50) and (A.51) imply (4.24) for almost all sample sequences X 1 , . . .  , X N .  [] 
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