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The field of stochastic scheduling is motivated by the deaigsh operational problems
arising in systems where scarce service resources musiolatall over time to jobs with
random features vying for their attention. Important exespnclude manufacturing and
computer-communication systems. Consider, e.g., the @aaemanufacturing worksta-
tion processing different part types, where part arrival processing times are subject to
random variability.

The performance of such systems, as measured by a criteribnes the average time
jobs stay in the systenflgwtimg, may be significantly affected by the policy employed
to prioritize over time jobs awaiting servicegheduling policy The impact of schedul-
ing policies, together with the high degree of discretidpah the decisions they involve,
explain the importance and difficulty of the fundamentalljpeon of stochastic schedul-
ing: to design relatively simple scheduling policies thedrly) achieve given performance
objectives.

The theory of stochastic scheduling addresses this probleanvariety of stochastic
service system models. Random features such as job pnogdssies are thus modeled
by specifying their probability distributions, which aresamed to be known by the sys-
tem manager. Model assumptions vary across several diomsncluding the class of
scheduling policies considered admissible, job arrival processing time distributions,
type and arrangement of service resources and performéjeetioe to be optimized.

Regarding methods and techniques, it seems fair to saydhatified and practical ap-
proach has been developed to design and analyze (neariyjabpblicies across the range
of stochastic scheduling models. Although many such maraide cast in the framework
of dynamic programming, straightforward application a§ttechnique has not proven very
effective, due to the large (or infinite) size of the resgtiormulations ¢urse of dimen-
sionality). Most results have been instead obtained through probjesnific arguments,
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which often do not extend to seemingly related models. Hewey few techniques, such
as interchange arguments [26], and some general princiglel as conservation laws [4],
have been successfully applied to wider model classes.

Stochastic scheduling models can be classified into thieedbrategories, which have
evolved with a substantial degree of autonomy: models foedaling a batch of stochastic
jobs, multi-armed bandit models, and models for schedudimgueing systems. The devel-
opment of each of these areas has followed a similar theggegqtattern. The first results
elucidated the structure of easily computable policies shéved optimally relatively sim-
ple models. An important class of such policies is thaprdrity-index rules an index is
computed for each job type (possibly depending on its custte, but not on that of other
jobs), and at each decision epoch jobs of higher index argreeskhigher service priority.

A second group of results has sought to identify optimalgiedi with a simple structure
in more general models, often at the expense of introdudilttitianal technical assump-
tions.

More recent research efforts have addressed harder mémteldhich the goal of fully
characterizing an optimal policy appears out of reach. kesd¢ problems researchers aim
to design easily implementable heuristic policies withlatieely close to optimal perfor-
mance. Their degree of suboptimality may be investigategirgeally (through simulation)
or analytically.

1 Modelsfor scheduling a batch of stochastic jobs

In this class of models a fixed batch ofjobs with random processing times, whose dis-
tributions are known, have to be completed by a setofnachines to optimize a given
performance objective.

The simplest model in the class represents the problem aeseing a set of stochas-
tic jobs on a single machine to minimize the expected wegjftavtime. Job processing
times are independent random variables, having a genetabdtion G;(-) with meanp;
for job 7. Admissible policies must bronanticipative(scheduling decisions are based on
the system’s history up to and including the present timey ttannot depend on future
information, such as the actual processing times of unfiigbbs) andhonpreemptive
(processing of a job, once started, must proceed unintedlypto completion). Letv; > 0
denote the cost rate incurred per unit time in the systentifwgadr in service) for jok, and
let C; denote its randoresompletion timgtime at which the job is finished). L&t denote
the class of all admissible policies, and Igt[-] denote expectation under poliey € II.
The problem can be stated as

m€111]1 w1 E[C1] + -+ - + wn Ex[Ch)].

The optimal solution in the special deterministic case &giby the Shortest Weighted
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Processing Time rule of Smith [37]: sequence jobs in noeiaging order of the priority
index w;p;. It was shown in [34] that the natural extension of Smithe o the above
stochastic model (Shortest Weighted Expected Processing fule), based on the same
indexw;p;, is optimal for it.

The model extension where policies are allowed t@EEmptivegprocessing of a job
may be interrupted at any time, and resumed later), wasaaoivid5]. The optimal policy
is again characterized by priority indices (a job with higimelex is processed at each time),
which in this case depend on the cumulative amount of prowessch job has received.

The optimality of priority-index policies has been extedde restricted classes of mod-
els for scheduling a batch of jobs on identical parallel nr@eh The main performance
objectives investigated in this setting are: (1) total etpe flowtime minimization,

and (2) expectethakesparffinishing time of the last job) minimization,

min Er [max é]} .
mell 1<5<n

The rule that assigns higher priority to jobs with shortepented processing time
(SEPT) has been shown to be optimal for the flowtime objeativéer the following as-
sumptions: when all the job processing time distributiore exponential [20]; when all
the jobs have a common general processing time distrib(tiaving possibly received dif-
ferent amounts of processing prior to start) with a nondesing hazard rate function [41];
and, more generally, when job processing time distribstiare stochastically ordered [43].

For the expected makespan objective, the rule that assighsrtpriority to jobs with
longer expected processing times (LEPT) has been shown ¢ptiveal in the following
cases: under exponential processing time distributiofk find when jobs have a common
processing time distribution (with possibly different aints of processing prior to start)
with a nonincreasing hazard rate function [41].

Other models incorporate more general features, suamigsrm parallel machines,
which differ in speed rates. Under relatively strong asdionp, researchers have charac-
terized optimal policies, which exhibit a threshold stuwet see [1], [33] for the problem
of expected flowtime minimization, and [12] for the problefregpected makespan mini-
mization. An optimal policy for the problem of scheduling at¢h of stochastic jobs in a
flow shop(with m machines in series) is studied in [49].

The optimality of the simple policies mentioned above tafiicfails to extend to mod-
els that violate the required assumptions [13]. Charagteyian optimal policy in such
cases appears to be a computationally intractable goal38gfor a study on the complex-
ity of decision-making problems under uncertainty, suclstashastic scheduling). This
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fact has motivated the investigation of suboptimal heigrigblicies, often based on the
simple rules mentioned above.

For example, it has been shown in [46] that, under mild assomg the suboptimal-
ity gap for using Smith’s rule as a heuristic for parallel imaes stochastic scheduling is
bounded above by a quantity that is independent of the nuofljebs. Therefore, as the
latter grows to infinity, the heuristic’s relative suboptility gap vanishes, which repre-
sents a desirable kind of asymptotic optimality. A similaymptotic optimality result, in a
model of parallel machines stochastic scheduling withrée-fprecedence constraints, was
presented previously in [31].

2 Multi-armed bandit models

Models in this class are concerned with the problem of oglynadiocating effort over time
to a collection of projects, which change state in a randoshifa depending on whether
they are engaged or not. A classic example is the multi-arbaedlit problem which, in
its discrete-time version, can be described as followsretigea collection of/V projects,
exactly one of which must be engaged at each discrete timehepe 0, 1, .... Projectn
can be in a finite number of statgs J,,. If at time¢ projectn, with current staté € J,,,

is engaged, two effects result: first, a rewdtdis received, discounted in time by a factor
0 < < 1; second, the project state changes in a Markovian fashigmiith probability
pij, for j € J,. States of projects not engaged remain unchanged. Thespradinsists in
finding a nonanticipative scheduling policy, for selectprgjects over time, that maximizes
the total expected discounted reward over an infinite harit@ttingIl denote the class of
all nonanticipative policies, and lettingt¢) denote the state of the project engaged at time
t, the problem can be stated as

E, LR
max [Zf’ Rm]

After being considered intractable for a long time, the pFobwas solved in a landmark
result by Gittins and Jones [19]. The optimal policy is g®nGittins priority-index rule:
an indexy; is computed (in a finite number of steps) for each projecegtahen, the rule
selects at each time a project with larger current index.offtienality of Gittins rule, for the
original model and extensions, has a rich history of probésed on different techniques,
including interchange arguments [19, 18, 40, 45], dynamaeg@mming [47], intuitive
arguments [42], induction arguments [39], and consermdtws/linear programming [4].
For more complex model extensions, the Gittins rule is ngéoroptimal. The incor-
poration of costs/delays for switching between projectstislied in [2], where a partial
characterization of an optimal policy is given. This redutiee computational burden for



calculating an optimal policy, which however remains ingical for large problems (as it
grows exponentially with the model size).

The model extension where projects not engaged continuetees possibly with dif-
ferent transition probabilities, and a fixed number> 1 of projects must be engaged at
each time, was addressed by Whittle in [48]. In the settingtohe-average version of such
restless bandit problenine proposed a heuristic priority-index rule based on thigrab so-
lution to arelaxedlinear programming formulation of the problem: the regoiest that
exactlym projects be selected at each time is relaxed by requirirtgadsthatn projects
be selected onlgn average Whittle’s rule reduces to that of Gittins when specialitethe
classical model. His conjecture regarding the asymptqitavality of the index rule was
established, under appropriate conditions, in [44]. Aaldht priority-index heuristic, ob-
tained from Whittle's linear programming relaxation, ttugr with improved performance
bounds, has been developed and tested computationally.irA[polyhedral framework
for analysis and computation of the Whittle index and extars based on the notion of
partial conservation lawshas been recently developed in [28, 29, 27].

3 Queueing scheduling control models

Models in this class are concerned with the problem of dasigoptimal service disciplines
in queueing systems, where the set of jobs to be completsthaith of being given at the
start, arrives over time at random epochs. The main classodefs in this setting is that
of multiclass queueing networkBQNSs), widely applied as versatile models of computer-
communications and manufacturing systems.

The simplest types of MQNSs involve scheduling a number ofglasses in a single
server. Similarly as in the two model categories discussedqusly, simple priority-index
rules have been shown to be optimal for a variety of such nsodébnsider the case of
a multiclassM/G/1 queue, whereV job classes vie for the attention of a single server:
Jobs of clasg arrive at the system at epochs given by a Poisson processatath;, and
their service times are drawn independently from a commestriblition G (-) with mean
1/p;. Classj jobs incur linear holding costs at a rate > 0 per unit time in the system
(waiting or in service). The goal is to find a nonanticipatared nonpreemptive scheduling
policy, for deciding which job to serve at each decision épdicat minimizes the expected
steady-state holding cost rate. Hétlenote the class of all such admissible policies, and let
E.[L;] denote the steady-state expected number of glgsiss in the system under policy
« € I1. The problem can be stated as

17rrn€111_11 aEr[L1]) 4+ -+ envEq[Ln].
Its solution is given by the classicgl-rule [15]: select for service at each decision epoch a
job with larger priority-indexc; ;. Thecpu-rule is also optimal among preemptive policies
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when service times are exponential.

The optimality of priority-index policies for the model extsion that incorporates Markov-
ian job feedback (when a clasgpb completes service it changes clasg with probability
pij» 1 < j < N, and leaves the system with probability- Zé’vzlpij) was established by
Klimov in [24]. The optimal priority indices are efficientigomputed byV-stepKlimov’s
algorithm The result was shown to extend to a time-discounted olbgeiti[38].

An account of these results based on #uohievable region methodvhich seeks to
characterize the region of achievable system performamgp, (mean queue lengths) by
means of linear (or convex) programming constraints, has gezen in [14, 17, 36, 4] (in an
increasing level of generality). The performance of Klirsaule, when used as a heuristic
for the model extension that incorporates identical paerakrvers, has been analyzed using
this approach in [22]: eelaxedlinear programming formulation of the performance region
is shown to yield closed-form suboptimality bounds, whictply asymptotic optimality in
the heavy-traffic limit.

More general MQN models involve features such as changdowes for changing
service from one job class to another [25], or multiple pssagg stations, which provide
service to corresponding nonoverlapping subsets of jobsela Due to the intractabil-
ity of such models, researchers have aimed to design relatsimple heuristic policies
which achieve a performance close to optimal. This goal leas inindered by formidable
technical challenges, including tls&ability problemfor multiclass queueing networks with
multiple stations [9]: in general it is not known what coralils on model parameters ensure
that a given policy istable(the time-average number of jobs in the system is finite). As a
result, computer simulation remains the most widely usetlitcapplications of these mod-
els. Theoretical approaches currently under active dpusdmt include: study of heuristic
scheduling policies based on diffusion approximationshefdriginal system under heavy-
traffic conditions [23], [32]); study of policies based onidl@pproximations [11, 3] and
development of performance bounds and policies by meahg @idhievable region method
[8,5, 6,21, 22, 16, 29, 27].
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