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Our object of study is a multiclass queueing network (MQNET) which consists of a
collection of (connected) single-server stations. Exogenous arrivals into the system form
independent Poisson streams, service times are exponential and we have Markovian routing
of customers between stations. Recent results concerning linear programming (LP) based
approaches enable us to establish a simple and intuitive stability condition. Thisis of interest
in its own right, but also enables us to progress with a study of optimal scheduling and
performance analysis. Our methodology here is also based on LP. A primal—dual approach
exploits the fact that the system satisfies (approximate) conservation laws to yield perform-
ance guarantees for a natural index-based scheduling heuristic. We are also able to analyse
the performance of an arbitrary priority policy.
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1. Introduction

Multiclass queueing networks (MQNETS) provide arich range of models for
complex service systemsin application areas that include manufacturing (see Buzacott
and Shanthikumar [6]) and computer-communication systems (see Gelenbe and Mitrani
[9]). The practical needs to evaluate and improve the performance of such systems
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have motivated extensive research efforts on the analysis, optimisation and stability
of MQNETs. The model of interest here is a multi-station MQNET with single-server
stations and is described in detail in section 2. We use L P-based methodologies to
investigate stability (section 3), the approximate optimality of index-based scheduling
policies (section 4) and performance analysis (section 5).

Investigation of stability isanecessary precursor to consideration of optimisation
and performance issues. It is a complex area and has attracted a great deal of recent
research effort, much of which has focussed on the development of computational
tests for stability either viaafluid model approximation of the MQNET (see, e.g., Dai
and Weiss [7]) or viaanon-idling performance LP (Kumar and Meyn [15]). We make
use of the latter approach to establish in section 3 a simple and intuitive stability
condition for our MQNETS. The condition may be stated as follows: if each station
has enough service capacity to handle its peak traffic intensity, then the network is
stable under the class of stationary nonidling service disciplines. No claim is made
that thisresult is best possible, but it seemsto be precisely what is required for address-
ing subsequent performance evaluation and optimisation issues.

Recent work by Papadimitriou and Tsitsiklis [17] suggests that the performance
optimisation problem (designing a scheduling policy that optimises a given objective
and computing the corresponding optimal system performance) is computationally
intractable in most MQNET models. Consequently, researchers have focussed their
efforts on designing heuristic scheduling policies with good empirical or asymptotic
performance (see, e.g., Harrison and Wein [13]). However, performance guarantees
for such policies are rarely available. Thisisin sharp contrast to the situation in
deterministic scheduling in which exploitation of the so-called primal—dual method
has yielded approaches to the design of heuristic algorithms with given performance
guarantees. In this method, one seeks to construct simultaneously a heuristic solution
to the problem and a feasible solution to the dual of an LP relaxation of it. See the
survey paper of Goemans and Williamson [12]. In sections 4 and 5, we use an analogous
primal—dual approach to develop a class of priority-index scheduling policies for
our MQNETs with associated performance guarantees. These results use the work of
Bertsimas and Nifio-Mora [3] and Glazebrook and Garbe [11], in which the notion of
(approximate) conservation laws plays a central role. Finally, in section 6, this frame-
work yields approaches to the analysis of performance of any given priority policy.

2. The MQNET model

We consider a Markovian open MQNET with N customer classes and M single-
server stations. Stationm | M ={1,..., M} services a constituency of customer classes
CmC N ={1,...,N}, where Cq,...,Cy isapartition of N. Class i customers (also
called i-customers) arrive exogenously at the network as a Poisson process with rate
a;, and are serviced at station s(i), during an exponential service time with rate m.
Upon completion of its service, an i-customer may be routed for further service
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as a j-job, with probability p;, or it may leave the network, with probability po =
1-4;7 n Pjj- To ensure that a customer entering the network leaves it with probability
one, we require that matrix | — P isinvertible. We further assume that all arrival,
service and routing processes are mutually independent.

We introduce next other parameters of interest. The total arrival rate of j-
customers, denoted | , is given by the solution of

o) oA
Ij=aj+a lipj, for jI N.
i N

The nominal traffic intensity of j-customers, denoted r j, is given by
I 2
rj=—=t, forjl N,

and represents the rate at which work brought in by j-customers (external and internal)
enters the network. Given a subset of job classes S C N, we define analogously the
traffic intensity for S-customers, denoted r (S), by

[o]
re)=arj.
iTs
We further define the mean S-workload of a j-customer, denoted V°, as the mean
residual service time a current j-customer requires until he first leaves S, where j | S
and S C N. The Vj*’ s may be computed by solving the linear system
S 1 2 S ST
W==+a pjVfy, foril s,s CN. 0]
iTs
We also define by extension parameters VS, for i T s¢= Nns, from the solution of (.
We can now proceed to define the external traffic intensity for S-customers, denoted
r%s), by o oo
r (S) =a ajVj . (2)
iTs
To explore stability issues for our MQNET model, the above conventional notions
of traffic intensity must be supplemented by ideas of peak traffic rates. The peak traffic
intensity from classi into station m, denoted R(i, m), is the maximum rate at which
work brought in by current i-customers can enter that station, i.e.,

Ri,m) = m é p Ve, foril N, mi m. (3)
j1Cny

The peak traffic intensity from station m¢into station m, denoted R(m¢ m), is the
maximum rate at which work can be transferred from station m¢into m, i.e.,

R(M¢m) = max R, m), for mme¢l M, with m¢? m. (4)
me



4 K.D. Glazebrook, J. Nifio-Mora / LP approach to MQNETs

Finally, we define the peak traffic intensity for station m, denoted 1 (m), as the maxi-
mum rate at which work can be transferred into that station, i.e.,

Fm = a ajVvom + a RmM¢m), forml M. (5)
jiTcn md mr{n}

The network evolution is governed by a scheduling policy, which specifies
dynamically how servers are allocated to customers. Note that we require of policies
that at each time t, each server should be fully allocated to a single customer, should
any be available for service. We consider policies that are nonanticipative (i.e., deci-
sions may hot be based on future information), stationary (i.e., decisions depend on
the current system state), nonidling (i.e., servers cannot idle when they have work to
do) and preemptive (i.e., the service of a customer may be interrupted at any time and
resumed later). Such policies are admissible.

The system state at time t is given by the following random variables:

 Lj(t) : number of j-customersin system at time .
« Bj(t) : 1if aj-customer isin serviceat timet; O otherwise.
e B™(t): 1if server misbusy at time t; O otherwise.

Our analysis makes extensive use of the following performance measures, de-
fined for each admissible policy:

Xj = E[Lj], for j | N, (6)
xj = E[LjiB =1], fori,jl N @)

and ’ )
xj0m=E[ijBm=O], forjl N, ml M, (8)

where the above expectations are taken under the steady-state distribution of the corre-
sponding stochastic processes. A policy is said to be stable if the time-average number
of customers in the network is finite. The following key result is due to Bertsimas
and Nifio-Mora[2]. In its statement, we use the notation X = ()i n» X = (Xij)i ji N
X% = ("™ n,mi Mo @ =(@)j7 n @nd L = Diag(l ), where | = (I';);7 - We also need
M(S)={m; S N C,t A and M(S) = JM(S)j.

Theorem 1. Under any admissible stable policy, the performance measures x, X and
X satisfy the following:

(@ Conditioning constraints

- 3 Om 1 1
Xj = a I Xij +{1- r(Cm)}xj , for j I N, ml M. 9
ifTcn,

(b) Flow conservation constraints
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-ax¢- xat+(1 - PEX+XE(-P)=(l-P)& +L( - P). (20

(c) Work decomposition constraints

0 o} _ o [o] o}
(M) - rospa Vix =8 rVS+ a a rivix
iTs iTs i1 N(Umime Cm) il s

+a a (1VE® - rVPEx;

i1s j1s

+ A AL-rCaVX™, forsc N. (10)

miM(s) jis

See Bertsimas and Nifio-Mora [2] for a full account of theorem 1. Equation (9)
is elementary, and arises from consideration of the possible states of station min the
steady state. Constraint (10) was obtained by Bertsimas et al. [4] and by Kumar and
Kumar [16]. It may be deduced from application of the flow conservation law L™= L*
of queueing theory (discovered by Burke [5] and Finch [8]) to all subsystems of the
MQNET consisting of single customer classes and also to pairs of classes. The work
decomposition result (11) is due to Bertsimas and Nifio-Mora[2]. It is of considerable
interest in its own right and is deduced from (9) and (10) via algebraic manipulation.

3. Stability of the MQNET model

Before proceeding to issues of optimisation and performance analysis of the
system, afundamental issue concerns whether the MQNETSs of interest to us are such
that all policiesin agiven class are stable. This issue has been the subject of a huge
research effort. Two kinds of results have emerged: (1) computational tests which
seek to construct a Lyapunov function that implies stability, for specific model param-
eters, from the numerical solution of alinear programming (LP) problem (see, e.g.,
Kumar and Meyn [15]), and (2) qualitative results, which establish the stability of a
family of policies for arestricted network topology under the traditional stability
condition (see, e.g., Dai and Weiss [7]).

In this section, we shall present a simple intuitive sufficient stability condition
for general Markovian MQNETS: if each station has enough service capacity to cope
with its peak traffic intensity, then the network is stable under any admissible policy.
No claim is made that this result is best possible, but (i) it isinsightful, (ii) it is close
to sharp under given conditions and, most importantly, (iii) it seems to be precisely
what is required for addressing analytically subsequent performance evaluation
and optimisation issues (see sections 4 and 5). In particular, the condition implies a
closed-form upper bound on the mean number of customersin the network (and hence
on mean customer delay via Little's theorem), uniformly valid under all admissible
policies. Our proof draws on theorem 1 and recent results concerning the relation
between stability and performance via LP (see Kumar and Meyn [15]).
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We state our main result.
Theorem 2 (Global stability condition and performance bound). If the condition
rCm)<landir(m <1, forml M, (12
holds, then:

(i) The network is stable under any admissible policy, and the Markov chain that
represents its evolution has a geometrically converging exponential moment.

(i) Under any admissible policy, the mean number in the network is bounded as

follows: é el e é é_ erij -
iTN J m ™M jTcg, 1- F(m)ver’
where
VEm = min VO™,
jTcm
Remarks.

(1) Itiseasily shown thatif r(Cy) <1, thenr (C,) £ T (m), and so the condition
r(m) <1listhen at least asstrongasr (C,) < 1. Sinceaso r(m) —r(C,) ® 0
as MaX;j Ninc ji cm Pij ® 0 and, moreover, r (Cp) < 1is necessary for stability,
it follows that condition (12) is close to sharp when the flow between stationsis
light.

(2) Notice from theorem 2(i) that condition (12) implies a very strong form of
stability.

Asindicated above, the LP stability condition of Kumar and Meyn [15] plays a
central role in the proof of theorem 2 (given below).

The LP stability condition. The stability condition of Kumar and Meyn [15] refers
to a nonidling performance LP (shown to be feasibleif r (C,,) <1 for m| M), which
was introduced independently by Bertsimas et al. [4] and by Kumar and Kumar [16]:

Z=maxx + -+ Xy
subjectto - ax¢ xa ¢+ (I - P)LX + XA (1 - P)=(1 - P)dL + L(1 - P) (14)

Xj - érixij:O, for jT N and m= gj) (15)
il cpy

xi- arix®o forjT N adml mMng(j)} (16)
iTCm

X, X 3 0. an

The variables x = (x));i n @d X = (X;)i ji n 0 the performance LP correspond to the
performance measures in (6) and (7) above.
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Theorem 3 (Kumar and Meyn [15]). If the nonidling performance LP is bounded,
then the network is stable under any stationary nonidling policy. Furthermore, the
Markov chain that represents its evolution has a geometrically converging exponential
moment.

We can now proceed to the proof of our main result.

Proof of theorem 2. We will show that (12) implies that the nonidling performance
LPisbounded. Letx, X be afeasible solution to this LP. Let matrix X° = (x"™;7 n. mi m
be given by .
xOm — ;aex_ é r.xi.f B
T e 8 g
Notice that from (15) and (16),

xj°m3 0, foro N, ml ™M
and

xP™=0, for g(j)=m. (19)

By the comments following theorem 1, x, X and X° satisfy (11). In the case S= C,,,
equation (11) together with (19) yields

& 2 mb 2 m
¢gl- aaVr.a v
jl Cm jl1Cm
=@ v+ a4 4 a vV (20
iTcm md Mn{m} i1 Cpne jTCm

Notice further that
A & & V- vy

mé mn{n} iTCpe jTCm

= 4 aVvra rRimx (21)

md Mi{n} jicCn i1 Crme

£ a Rmm Vi a riX

mé Mn{m} jiTcm iTCme
£ & RmMmm g Ve x, (22)
md M n{m} itcn

where identity (21) follows from (1) and inequality (22) follows from (16).
Now, combining identity (20) with inequality (22) and condition (12), we obtain
a Verx £ rVem, forml m, (23)

jTCm

1 o)
1- 1 (m) j%m
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From (23), it follows that

[¢} _ o] [¢]

aX=a a X

iTN miM jicn

r.V_Cm
£3d A g5
e mim iy 27 T MV
VEm = min V™3 min L 0, forml M.
jl Cm jl Cm m

Hence, the nonidling performance LP is bounded, and theorem 2 now follows from
theorem 3. ]

Remark. An alternative route to showing stability under condition (12) makes use of
the properties of the fluid model approximation (see Dai and Weiss [7]). Under (12),
the fluid model can be shown to have a strictly decreasing amount of fluid at each
machine. Thisis enough to guarantee stability.

In sections 4 and 5, we shall assume that the MQNETSs which are the subject of
our analysis satisfy (12).

4. Approximate optimality of index policies via approximate conservations
laws

We suppose that the global stability condition (12) is satisfied and proceed to
consider how to schedule in an optimal fashion. Consider a cost structure in which j-
customers incur linear holding costs at arate ¢; per unit time in the system. Theoptimal
scheduling problem is concerned with finding an admissible scheduling policy that
minimises the time-average holding cost rate,

GE[L]+ - +cnE[LN] (24)

and with evaluating Z°"", the corresponding minimum cost.

This problem has been solved exactly only in the special case that the network
contains a single server, i.e., M = 1. For this case, Klimov [14] first showed that
the optimal policy is given by apriority-index rule: for each classi, one can compute
acorresponding priority index g;, such that it is optimal to service at each time a
customer with the largest available index. The vector of optimal priority indices g =
(9j)ji ~ is computed by running Klimov’ s adaptive greedy algorithm — shown below —
oninput (c, V), where c = (¢j)ji nand V = (Vjs)ji s,scn- Theindex g; thus computed
represents the maximum rate of decrease in holding cost rate per unit of network
processing time for a current i-customer.
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Klimov's adaptive greedy algorithm

Input: (c, A), wherec=(¢j)ji n and A = (A)ji s, sc-
Output: (p, ¥, 9), where p=(py,...,pn) isapermutation of N, y = (Y(S))s cn
and g=(,---,On)-

Step 0. Set S; = N; set ¥(S;) = min{c/AS: i 1 S}
pick p; 1 argminfc;/A%: i1 s));
set gp, = Y(Sa).

Step k. For k=2,...,N:

. )
tci- ajzlAJV(Sj)_.ASl{J

set Sy = Sk 1N{Pk-1}; set §(Sk) = mini A il Sy
f b
- bo - &% 1ay(s) . f
pick p | argmin_{ : 1-15:?1 L Skg;
f A b

set 9ok = Ipk.1 + Y(Sk)
Step N+ 1. ForSC N:set %(S)=0,if ST {Sy,...,Sp}.

The natural modification of the index policy for the M = 1 case which is appro-
priate to our more complex MQNET model is one which produces indices by running
the adaptive greedy algorithm on input (c, A), where A = (A);i s.si n iSGiven by

. \/SNCr,  i£: 1 .
IV ifil sncy;

S _
v =1 .
A 10 otherwise.

(25)

It follows easily from Klimov’s [14] result that such an index policy is optima when
the stations in the MQNET are autonomous —i.e., when there is no flow between
them. Note also that the choice of matrix A in [25] arises naturally from the formulation
of the optimal scheduling problem in terms of approximate conservation laws, now to
be described.

The index result for the M = 1 case referred to above was recently recovered by
Bertsimas and Nifio-Mora [3]. Their approach was (i) to demonstrate that the system
satisfies (so-called) generalised conservation laws (GCL), (ii) to use this fact to obtain
the performance space of the system, i.e. the set X = (x));i n (See (7)) which are achiev-
able under admissible policies, and (iii) to recast the optimal scheduling problem as
an LP whose feasible space is the above performance space. We cannot follow this
program through in the case of our more complex models since they do not satisfy
GCL. However, they come close to doing so in a sense described by the following
notion.
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Definition 1 (Approximate conservation laws). Let A = (A7);i s si n be @amatrix with
al A >0andb, F :2N ® R" be nonnegative set functions, with b strictly positive
always. We say that performance vector x satisfies approximate conservation laws
with parameters A, b and F if the following conditions hold:

(i)  Under any admissible scheduling policy,

a A’x;3 b(s), forsi N. (26)
iTs
(i) Under any admissible policy that gives priority to S-customers over Scustomers,

a A’x £b(S) +F(s), forsT N. 27)
iTs

Remarks.

(1) Inthespecial casethat F = 0, definition 1 reduces to the generalised conservation
laws introduced by Bertsimas and Nifio-Mora[2].

(2) Notice that definition 1 differs from the original definition of Glazebrook and
Garbe [11] in that a less restrictive assumption is required to hold in part (ii).
This modification is essential for the application of their approximate conser-
vation laws framework to the models studied in this paper.

When a performance vector satisfies approximate conservation laws, we can
solve approximately optimal scheduling problems on linear performance objectives,
asin (24). Re-express (24) as

CiXg + -+ + CNXN (28)

using (6). We shall address such problems via the achievable region method (see e.g.,
the survey paper by Bertsimas [1]). We thus consider the performance region X achiev-
able by performance vector x under all admissible scheduling policies. We can now
formulate the optimal scheduling problem as the mathematical program

Z%T = min{ex + -+ oyxns X 1 X, (29)

Suppose that the performance vector x satisfies approximate conservation laws
(26) and (27). Then performance region X is contained in the polyhedron

_|[_XT RN é A x; 3 (S),S C Ny
1 iTs b
which yields the following linear programming (LP) relaxation of problem (29):

P =

Z'" = minfox + -+ cyXn: X 1 P} (30)
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We abtain performance guarantees for appropriate index policies in theorem 4
by constructing feasible solutions to (29) and the dual of (30) as follows:

1. Run Klimov’s adaptive greedy algorithm on input (c, A) to obtain an output
(p.¥.9).

2. The proposed heuristic solution for problem (29) is the performance vector of
the priority-index scheduling policy that gives higher priority to classes with
higher index g;. We denote by Z'N°EX the value achieved by this policy.

3. The proposed feasible solution for the dual of LP relaxation (30) isgiven by y
(see Bertsimas and Nifio-Mora [3] for a proof that y isindeed dual feasible).

In what follows, we shall assume, for ease of exposition, that the permutation p
returned by Klimov’'s algorithmisp = (1,...,N), so that

91£ - £ On.

Bertsimas and Nifio-Mora[3] further showed that the value of the dual feasible solu-
tion y isgiven by

ZP=gib{l ¥a, N}) + (g2 - G)b(2 Y%, N}) + - +(@n - On-D)BUNY).  (3D)

Notice that
7D ¢ 7LP ¢ OPT o SINDEX (32)

The next result, which reformulates the original approximate optimality result
in Glazebrook and Garbe [11], establishes additive and multiplicative performance
guarantees for the value Z'NPEX of the priority-index heuristic and the value ZP of the
lower bound.

Theorem 4 (Performance guarantees). Suppose the performance vector x satisfies
approximate conservation laws (26) and (27) with parameters A, b and F. Then
@
7INDEX ¢ 5OPT (33)
and
7Ds 7OPT _ o (34)
where

e=01F{l Y4,N}) + @2- g)F (2 ¥4, N}) + -+ @~ - gn- DF({ND). (39)

(b) Furthermore,
7INDEX £ SOPT (36)
and

7D 3 ;_L ZOPT (37)

where
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(38)

Proof. (@) It isshown in Bertsimas and Nifio-Mora[3] that ¥ is afeasible solution of
the dual LP of (30), given by

(LPp) 7' = maximise  Q b(S)y(S)
SCN
subjectto @ ASY(S) £¢, foril N,
Soi
y(S) 3 0, for SC N,

that satisfies the constraints with equality, i.e.,

a Ay(s)=g, foril N. (39)
They also show the relation ==

gi- Gi-1=Y(S), foril N,
holds, where S; ={i,i + 1,...,N}.

Now let x"NPEX be the performance vector corresponding to the proposed index

policy. We have
7NDEX — é G x/NDEX

iTN

é é AS y(S) XiINDEX

iTN s3i

a y©)a A"

SCN ils

N
£ 8 y(s) {o(s) + F (S)}
i=1

=7P+¢ (40)
and, by (32), relations (33) and (34) follow. Part (b) follows simply from (31), (38)
and (40). ]

Remark. Inthe special casethat F °© 0, it follows from theorem 4 that the proposed
index policy is optimal. See Bertsimas and Nifio-Mora|[3].

5. Approximate conservation lawsfor MQNETS

Our goal now is to establish approximate conservation laws for our MQNET
model. Application of theorem 4 will then yield performance guarantees for a suitably
defined index policy.
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To pursue this agenda, we require devel opments of the notions of peak traffic
intensity in (3)—(5) above. Let SC N, m| M(S) and i | Cpe with m¢t m. We
define the (m¢ m)-peak traffic intensity fromclassi | C,¢into S N C,,, denoted
Rmem(i, S N Cyy), as the maximum rate at which work can be transferred from class i
into classesinS N Cy, i.€,,

. _ 2 SNCy,
Ruem(,SNCm) =m A YV, : (41)
iTsncy
Now let S¢C N nC,,. We can now define the m-peak traffic intensity from S¢into
S N Cp, denoted Ry, (S¢S N Cy,), as the maximum rate at which work can be trans-
ferred from classesin S¢into classesin S N Cy, i.€.,

RaS6SNCm) = & M Rpgm(i,S N Cm). (42)

md‘ M(S¢)i| S‘ncm¢

Theorem 5 (Approximate conservation laws for the MQNET model). Under the global
stability condition (12), the MQNET model satisfies approximate conservation laws
with parameters A, band F given by

3 \vSNCh i 1
[V, , ifil sncg,

S:
A JT 0, otherwise;
be)= & BSNCy);
mi M(S)
and
2 Rn(N nCp, SN Cm) ~
F&) = a 2 B(S N Cpy),
mi m(s) L ro(SNCm) - Rn(NNCm, SNCry) m
where
B(S) = — 5= & 1V
a ivi-
1-1%0S) 7s

Proof. LetS C N and ml M(S). From the work decomposition constraints (11) and
the non-negativity of the performance measures, we conclude that under any admis-
sible policy (guaranteed stable by theorem 2),

é r.ySNCm
P j i ~
a Vonxy e —lshen = b(S N Cp). (43)

By now summing both sides of inequality (43) over ml M(S), we infer (26) for the
above choicesof A, band F.
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To obtain (27), consider some policy p that gives priority to S-customers over
S ¢-customers. Under p, it follows easily from the definition of the performance vari-
ablesin (7) and (8) that
xj =0, ifils*NcCy jl sncy ml M(S) (44)
aﬂd om . -7
(' =0, if jl sncy. (45)

Using (43) and (44) in (11) we obtain

0 2 SNCm _ 2 SN Cm
L-risncm} a Vi ™ = a Yy
j1sNCm jl sNCm
A A Ve Ve (46)
iTcm jisNncn

Now, using (1), the second term on the right-hand side of (46) can be re-expressed as

[o] [o] [o]
a a a (mvksmcmpik)vjsmcmrixij
mde mi

iT Cmej.kl sSNCm

—_

i' 2 P} 2 sNc ® o OllJ
Eid MXRum@,SNCm)yi A V' Mg A rexgzy (47)
f mg¢ m ! Cme bf it sncy, KT C e oh
£ Rn(NNCy,SNCm) & VS °"x;. (48)
jiTsNcm

We use (41) to infer (47), and (9) and (42) to infer (48). From (46), (48) and the
stability condition (12), we deduce that, under p,

o NCp

ajT sncm ' J'VjS ¢
1- r%sNCm) - Ra(NNCrm SNC)

é ySne

jiTsncy

"X £ (49)
Note that (12) guarantees that the denominator in (49) is positive. By now summing
both sides of inequality (49) over m| M(S) and using (43), we infer (27) for the
above choicesof A, band F. O

There are avariety of waysin which theorems 4 and 5 can be deployed to provide
performance guarantees for the index policy developed above. We shall content our-
selves here with two simple results which are immediate.

Corollary 6 (Performance guarantee for index policy).

ZINDEX ¢ ZopTa‘?“_ max Rn(N nCmaCm)9
mw 1-T(Mm &
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Proof. The proof utilises (36) and (38) of theorem 4, together with the set functions
b and F defined in the statement of theorem 5. ]

We now exploit the performance guarantee in corollary 6 to establish asymptotic
optimality for the index policy in alimit as the flow between stations becomes lighter.
To this end, consider a sequence of networks indexed by n, all of which satisfy (12)
and for which ~

limsup™(m) <1 for ml M,
q n® ¥
o lim max pM=o0.
ne® ¥ s(i)* )
If we use ZINP®X and Z9PT to denote the expected costs of interest for the network
indexed by n, then the following result isimmediate from corollory 6.

Corollary 7 (Asymptotic optimality).
7INDEX

H N
mn —— =1
ne ¥ Z9PT

6. Performance analysisof priority policiesvia approximate conservation laws

Our goal here is to analyse the performance of some given priority policy p of
interest for the MQNET. Quantities related to p will be identified via a superscript.
Examples include performance xP and the objective ZP. Reasonable goals of perform-
ance analysis are (i) the evaluation of ZP, and (ii) the development of performance
guarantees for p in the form of bounds for ZP — Z°PT. Both will be discussed here.

Let  ={p....pPn} bethe (N—-k+ 1) classes of highest priority under p. A, b
and F are asin theorem 5. We introduce y? as the solution to the system of linear
equations "
aATy=c, if1EKEN. (50)
i=1

In theorem 8, we write u™ = max(u, 0) and u™ = max(-u, 0).

Theorem 8 (Evaluation of ZP). Under the global stability condition (12),

N N
(Yk) F(Sk)£Z° - @ Wb(sk) £ @ (k)"F(SK). (51)

1 k=1 k=1

il QJOZ

Proof. Policy p gives priority to SR-customers over others for all k, 1 £k £ N. It
follows from theorem 5 that
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N
b(SP)E A A% xP £b(sP) +F(SP), if LEK £N. (52)
i=k

But it follows from (50) that

) yomN
=aaxk=a % pgaAkxp- (53)
k=1 k=1 i=k a
The result follows simply from (52) and (53). ]

Before proceeding to the development of interpretable bounds for Z° — Z°FT, we
consider a modification of the feedback matrix P = (p;). Matrix P modifies P by
deeming flows between distinct stations to be departures from the system, i.e.,

L py if () = S(),

I |1 0, otherwise, (54)

with Bio =1- &7 B - Note that the feedback mechanism internal to each station
is unaffected. We shall use ~ to denote quantities related to the system modified by
replacement of P by P, but with a and munchanged.

It is easy to check that the A-matrix defined in theorem 5 is unaffected by the
modification. It then follows that the Gittins indices obtained from the adaptive greedy
algorithm are also unchanged, asis yP in (50) above. From theorem 5, we have

} o3 SNCy i
~ o tai; mr Vi il
b= @ 1t ey, (55)
mi M(S)] a' NCn b
where rJ = I i/m, i T N, with I thevector of total arrival rates for the modified
system. Note that, by construction, T ; iETy, j| N . Wewrite

P2 ~ \/SNCh i
t ajismcm(ri' rJ')Vj #
1-r%snc,) i;

D) :=bs)- b(s)= A

mi Mm(s)f

(56)

The quantities D(S) are natural measures of the connectedness of the original
network. Since the modified network has no flow between stations, it follows from
theorem 5that F © 0. It isthen a simple consequence of theorem 8 that

N
o ~ ~
a ykb(sk) = z°,
k=1
the cost incurred when controlling the modified network by p.
The following is an immediate consequence of theorem 8 and the above obser-
vations.
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Corollary 9. . 5 .
Di(p;P.P) £ Z° - ZP £ Dy(p; P, P),
where N N
Di(p;P,P) =- & () F(sk) +a yED(sP)
and k=1 k=1
~ 8 &
D2(p;P,P) = @ (YR)"F(SR) +a ykD(SR).
k=1 k=1

Corollary 10 (Suboptimality bound for p).

7P _ 7OPT ¢ (ZINDEX _ ZOPT) + (Zp _ ZINDEX)
+D,(p; P,P) - Dy(INDEX;P, P).

Proof. 7P _ ZOPT - (Zp _ Zp) + (Zp ) EINDEX)
+ (ZINDEX_ ZINDEX) +(ZINDEX _ ZOPT)_

Corollary 9 is now used to bound the first and third terms on the right-hand side of
(57). The result follows. ]

Remark. Corollary 10 essentially solves the problem of producing interpretable per-
formance guarantees for priority policy p, since

(i) abound for (Z'NPEX — ZOPT) isimmediately available from theorems 4 and 5.
This bound, aggregated with D,(p; P, P) - Di(INDEX; P, P) in corollary 10, gives a
natural measure of the degree of connectedness of the network;

(i) by the above construction, ZP - Z'NPEX has an interpretation as the suboptimal-
ity of policy p when applied to the modified system (consisting of autonomous, un-
connected stations) for which our index policy is known to be optimal, by Klimov [14].
An index-based bound for ZP - Z'NPEX js thus available from the work of Glazebrook
and Garbe [10] in the form of a natural measure of the extent to which p departs from
the index policy.

Applying (i) and (ii) to corollary 10 yields a performance guarantee for p which
combines a measure of the degree of connectedness of the network with a measure of
the extent to which p departs from the natural index policy.
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