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Abstract. Multi-class service systems are of increasing importance in the prac-
tical modelling world but present a significant challenge for analysis. Most
results to date concerning the optimal dynamic control of such systems have
assumed holding cost rates to be linear in the number of customers present.
In response to arguments that such an assumption is often inappropriate, we
develop an index heuristic for a multi-class M /M /1 system with increasing
convex holding cost rates. We use a prescription of Whittle to develop the
required indices. A numerical study elucidates very strong performance of the
index policy.
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1 Introduction

Much of the literature concerning the optimal service control of multi-class
queueing systems has focused on the design of policies to minimise some mea-
sure of the system’s holding cost rate. A frequent assumption that such hold-
ing costs are linear in the numbers of customers from each class present in
the system has been in part motivated by the relative tractability of the
resulting models. In particular, simple priority policies in which the server(s)
chooses from among the customers waiting for service according to a fixed
ordering of the classes have shown to be optimal for linear costs in a variety of
contexts. See, for example, Cobham (1954), Cox and Smith (1961), Klimov
(1974), Harrison (1975), Meilijson and Weiss (1977), Gittins (1979) and Weiss
(1988).

However, van Meighem (1995) argues the inappropriateness of an assump-
tion of linear holding costs in practice. In a related contribution, Ansell et al.
(1999) point to unsatisfactory features of the resulting priority policies. In
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response to such concerns, this paper considers the optimal service control of
a multi-class M /M /1 queueing system with a system cost rate which is addi-
tive across classes and increasing convex in the numbers present within each
class. The existing literature concerning such nonlinear costs is sparse. Con-
tributions have usually incorporated holding costs via delay cost functions on
job flowtimes. See, for example, Weber (1988), Righter and Xu (1991) and van
Meighem (1995).

We introduce the multi-class queueing system of interest and the associated
stochastic optimisation problems in Section 2. A discounted costs version of
the server control problem is formulated in Section 3 as a restless bandit prob-
lem with dependent arms. Restless bandits constitute a famously intractable
class of decision problems which were introduced by Whittle (1988). He pro-
posed an index-based heuristic for those problems for which a requirement
of indexability was met. See also Weber and Weiss (1990, 1991). We follow
Whittle’s prescription for the development of an index appropriate for our
multi-class queueing system. Much of Section 3 is devoted to demonstrating
that an appropriate notion of indexability holds here. The form of the index
for the discounted costs version of our queueing model is suggested by a sim-
ple argument and the index appropriate for the undiscounted problem of pri-
mary interest is then inferred by taking an appropriate limit. The resulting
index heuristic for our queueing model will always seek to serve that class
whose holding cost rate may most rapidly be diminished thereby.

An alternative account of indexability for this system is available from the
work of Nifio-Mora (2001a,b) on systems satisfying partial conservation laws
(PCL). This is sketched in Section 4. The results of a numerical investigation
into the performance of the index policy in some simple cases involving two
customer classes and quadratic costs are reported in Section 5. The index
policy clearly outperforms the threshold policies proposed by Ansell et al.
(1999) and is very close to optimal is all cases studied.

2 The model

We consider a multi-class M /M /1 queue in which customers from classes
{1,2,...,K} receive service provided by a single server. Class k arrival and
service rates are Ak, ty and we ensure finite queue lengths by requiring that
the traffic intensity (load on the system),

is less than one. The stochastic optimisation problems of interest concern the
allocation of the server to waiting customers to minimise some measure of
expected holding cost. The class k holding cost rate Cy : N — R is assumed
to be increasing, convex and bounded above by some polynomial of finite
order. Server controls ¥ must be non-anticipative and non-idling, and the
server is allocated to customers in a preemptive fashion. Hence there are no
penalties imposed when the server switches between customers and all such
switches are deemed instantaneous. We write % for the class of admissible
controls.
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The stochastic optimisation problem of primary interest is expressed as the
determination of minimum cost and the control achieving it via the equation

K
COPT _ ;21;/15“{2 Ck(Nk)}~ (1)
k=1

In (1), Ny denotes the number of class k customers present in the system and
E, is the expectation taken with respect to the steady-state distribution of the
system state under control u. In the linear case Cy(n) = ¢xn, n € N, the opti-
misation problem in (1) is solved by the so-called cu-rule in which the server
prioritises customer classes on the basis of the index cxu.

As a step towards solving (1), we consider a related stochastic optimisation
with discounted costs, expressed as

C(n,o) = inf E,

ueu

o K
L S Ce{ Ne(t) e~ di | N(0) = m 2)
k=1

where « > 0 is a discount rate, Ny (7) is the number of class k customers pres-
ent in the system at time ¢ and E, denotes an expectation taken over all real-
isations of the system under control . Lemma 1 follows from standard results
in dynamic programming (DP). See, for example, Puterman (1994).

Lemma 1. For all initial states n,

lim C(n, ) = COFT.
o—0

In light of Lemma 1, we shall develop “good” policies for the average cost
problem in (1) as limits (i.e. as o — 0) of “good” policies for the discounted
costs problem in (2). This is the primary concern of Section 3.

3 Indexability and Whittle index policies

We formulate the discounted costs problem in (2) as a Markov Decision Prob-
lem (MDP) as follows:

(a) The state of the system at time 7 is N(¢) = {N,(¢), N2(¢), ..., Nk(?)}, the
vector of queue lengths, ¢ € IN. The decision epochs are the set of arrival
times together with all service completion epochs which do not result in an
empty system. Let action a; denote the allocation of service to a class k
customer, 1 <k < K. At each decision epoch, the controller chooses an
action a; from the set of k for which Ni(z) > 1;

(b) In describing how the process evolves as actions are applied to it, we shall
write

K
A=) (A + )
k=1
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and use standard uniformization in which successive decision epochs occur
at the event times of a Poisson process of rate A, with some such events
corresponding to virtual state transitions. For example, if action qy, is taken
at decision epoch ¢ when the system state is N(¢) = n with n; > 0, then the
next decision epoch occurs at time 7 + X, where X ~ exp(4). The system
state following any state transition then is given by

n+1/,  with probability 4;/4, 1 <j <K,
N{(r+X)"} =< n—1% with probability x, /4,
n, with probability >, i/ 4.

Between ¢ and 7 + X the system incurs discounted costs at rate

K

:XZ C[(I’l])

=1

where the functions C; satisfy the requirements outlined in Section 2;

(c) A policy is a rule for choosing actions in light of the history of the pro-
cess to date. The general theory of stochastic dynamic programming (DP)
indicates the existence of an optimal (cost minimising) policy which is sta-
tionary (i.e. makes decisions in light of the current state only) and whose
value function satisfies the DP optimality equations. See Section 6.10 of
Puterman (1994).

A pure DP approach to the problem is unlikely to be insightful and (especially
for large K) may be computationally intractable. Following Whittle (1988),
the search for natural control heuristics which perform well centres on index
policies. Hence we would like to produce a class k index Wj : ZT — RT,
1 <k < K, such that the policy which at all epochs ¢ chooses the non-empty
queue with maximal index W {Ny(#)} is close to optimal. Whittle’s (1988)
contribution to the celebrated restless bandit problem contains the essential
prescription for how suitable indices should be developed. Despite the fact
that, from 3(b), our bandit model has stochastic dependencies between the
arms, we shall see that this prescription works very effectively here. Note that
we have used W in the notation in honour of Whittle’s contribution and shall
hereafter refer to Whittle indices. However, before we can develop indices,
there is a prior consideration of indexability. We shall now discuss these issues
in relation to an individual class and drop the class identifier k.

3.1 Indexability

Following Whittle, we consider a MDP, modelling the evolution of a single
customer class, with state space N and with two actions {active, passive} in
each state, save only the state 0 in which only passive is available. The active
action corresponds to selection of the class for service in the original multi-
class problem. Current state n enters one of {n+ 1,n — 1} with rates A and u
respectively under this action, n € Z*. Under the passive action current state
n enters state n + 1 at rate A, n € IN. This MDP is a restless bandit.
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We shall assume that costs are incurred at rate «C(n) under the active
action and at rate «C(n) — W under the passive action, n € IN. We shall refer
to W as a subsidy for passivity. Plainly if W = 0, the active action is always
preferable in all states. If I > 0, this may not be the case. We consider the
stochastic optimisation problem whose aim is to design a policy for choosing
actions to minimise the total expected discounted cost incurred over an infinite
horizon. If it helps, the reader may think of the passive subsidy via an alter-
native source of income which earns revenues at rate / and which is available
to the server whenever he chooses to stop serving the queue. Further, the
problem may also be equivalently reformulated via a charge for activity.

We use C(n,a, W) for the optimal cost for the restless bandit from initial
state n € N. Function C(.,a, W) satisfies the optimality equations

C(n,o, W) = min{Cy(n,o, W), Ca(n,00, W)}, nelZ", (3)
where

(o+A+u)Ci(n,o, W) =aC(n)+uCn— 1,0, W)+ 1C(n+ 1,0, W) (4)
and

(a+ 24+ w)Co(nya, W) =aC(n) — W+ uC(n,o, W)+ 2C(n+ 1,0, W).
()
We note further that C(0,0, W) = C5(0,a, W). If Cy(n,0, W) < Cy(n, o, W)

then the active action is optimal in n € Z*. If the direction of the inequality is
reversed then the passive action is optimal. We write

H:x(W) = {0} Y {l’l € Z+; Cz(l’l, &, W) <q (l’l, @, W)}
= {n e N; the passive action is optimal in n

when the subsidy for passivity is W}, W e R".

The following expresses the notion of indexability for an individual class
developed by Whittle (1988).

Definition 1. The class is indexable if IT, : R — 2N is increasing, namely

Wy > W, = Ha(Wl) ) Ha(Wz)

Once we have indexability, the derived notion follows of a state n index as
the minimum subsidy for passivity which renders the passive action optimal

in state n.

Definition 2. When the class is indexable the Whittle index for state n is given
by

W,(n) =inf{W;nell, (W)}, neZ",
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where we take

W,(0) = 0.

The following is trivial to establish on the basis of the above.

Lemma 2. For all states n of an indexable class

W > W,(n) = the passive action is optimal;

W < W,(n) = the active action is optimal.

We shall now develop the form of the index by a simple heuristic argument
which we trust the reader will find insightful. The later proof that the quantity
we obtain is indeed the index is entirely rigorous.

3.2 The form of the Whittle index for discounted costs

We shall suppose until further notice that the class is indeed indexable and
that the Whittle index W, : N — R™ is increasing. The latter seems plausible
from the assumption of increasing convex cost rates. Consider now the single
class problem outlined in (3.1), with initial state » and with passive subsidy
taken to be W = W,(n), the latter being the assumed value of the index. From
the above, we can conclude the following concerning an optimal policy:

(i) the active action will be optimal for states {n + 1,n+2,...};
(ii) the passive action will be optimal for states {0,...,n — 1};
(iii) both active and passive actions will be optimal for state 7.

Consider first the policy for the restless bandit determined by the choice in (iii)
of the active action in state n along with (i) and (ii). Under this policy, the
active action will continue to be applied from time zero until the process enters
state n — 1 for the first time at time 7', say. Random variable 7 is stochastically
identical to the busy period of an M/M/1 queue, starting with a single cus-
tomer and having arrival rate A and service rate u. Having arrived in state
n— 1, from (ii) above the passive action will then be applied until the system
returns to state n. This period of passivity has a duration which is exponentially
distributed with rate A. Once the system has returned to state n, the above cycle
is repeated ad infinitum. The total expected discounted cost incurred over an
infinite horizon by this policy may be readily computed as

[C(n, ) + E(e ") {aC(n— 1) — Wy(n) o+ A) {1 = 2E(e )@+ 2"},
(6)

where

T
C(n,o) = EUO C{N(t)}ae ™ dt| N(0) = n, active (7)
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is the cost associated with the initial busy period. In future we shall drop
“active” from the notation in the conditional expectation on the r.h.s. of

(7).

Consider secondly the choice in (iii) of the passive action in n along with (i)
and (ii). Under this action, the process will first enter state n + 1 after a period
of time during which the passive action was taken and which has an exp(4)
distribution. Having entered n + 1, the active action is then applied according
to (i) above until the process returns to n. This latter stage will have a duration
which is stochastically identical to the busy period random variable T above.
Once the process has returned to n, the above cycle is repeated ad infinitum.
The total expected discounted cost earned over an infinite horizon may be
readily computed as

{aC(n) — W)} o+ 2) "+ AC(n +1,0) (2 + 4) ']
x {1 = 2E(e*)(a+ )"} (8)

However, the expressions in (8) and (9) should both represent the optimal
cost associated with the restless bandit and hence should be equal. Equating
(8) and (9) we obtain

W,(n) = {AC(n+1,a) — (2 + 1) C(n, %) + aC(n)
—aE(eT)C(n— 1)1 — E(e™)}', nez*. (9)

We can simplify the expression on the r.h.s. of (9) by use of two identities,
both of which can be obtained from straightforward conditioning arguments.
These are

{o+2+pu—2E(E™)}C(n,0) =aCn)+.Cn+1,0), neZ",  (10)
and

ME@E™ )} = (a4 A+ pwE(Ee™) +u=0. (11)
Utilisation of (10) and (11) in (9) yields

W,(n) = E(e*T)[aC(n,a){1 — E(e’”)}fl —aC(n—1)]

x {1 —E(e*™)" nezt. (12)

The expression on the r.h.s of (12) has a natural interpretation as the (dis-
counted) rate at which the holding cost rate is reduced by serving the class in
state n. In Lemma 3, we take W,(0) = 0.

Lemma 3. W, (n) is increasing in n.

Proof. From (7) we deduce that
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E[J] C{N(t)}oe " dt| N(0) = n]

C(n,a){1 — E(e ™)} ! =
Clna){1 - E(e™T)) e

:iC(ner)xm (13)

m=0

where the set {x,,;m > 0} form a probability mass function on N. For an
M /M /1 queue with arrival/service rates A and u respectively, having a single
customer present at time 0 and with 7 as the duration of the first busy period,
we have

B E{IOT L, (s)oe™™ ds}
a E{IOT ae~ dt}

m

where

1, if m customers are present at time s,
Im(s) =

0, otherwise, se R", m e N.

J )

From (13) it follows that

{Cn+1,0) — C(n,0)}{1 — E(e*T)} !

I
hE

{Cn+14+m)—Cn+m)}xy,
0

3
Il

>Cn+1)-Cn)=Cn)—Cn—1), neZ", (14)

by the increasing convex nature of C. It is an immediate consequence of (12)
and (14) that

Wy(n+1) = W,(n), nel,

as required. The above analysis also yields W, (1) > 0 = W,(0). This completes
the proof.

We can now characterise optimal policies for the single class problem with
passive subsidy W introduced in Section 3.1.

Lemma 4. If W,(m) < W < W,(m+ 1) then the policy for the restless bandit
which chooses the passive action in states {0,1,... ,m} and the active action
otherwise is optimal, m € N.

Proof. Fix W e [W,(m), W,(m + 1)) and use C(., o, W) for the value function
of the policy described in the statement of the Lemma. It is enough to show
that C(.,a, W) satisfies the optimality equations in (3). From (3)—(5), it fol-
lows simply that we need to show that
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wW{Cna, W) —Cln—1,a, W)}y > W, n>m+1, (15)
and
w{Cn,a, W) —Cln— 1,0, W)} < W, n<m (16)

We prove (15) and (16) by considering four separate cases. Note that in the
case n = 0 only (15) is required.

Case 1: l{C(m+ 1,0, W) — C(m,o, W)} > W.
Following the calculation to (6), we have that
Cm+1,0, W) =[C(m+ 1,0) + E(e *T){aC(m) — W}(a+ 1)""]
x {1 = 2E(e* ) (a+ 1)}, (17)
and following that to (7), we deduce that
Clm, o, W) = [{aC(m) — WHo+2) "+ 1C(m + 1,a)(a+ 1) "]
x {1 —=AE(e* ) (a+2)""} 7N (18)
From (17) and (18), we deduce that
wW{Cm~+ 1,0, W) — C(m,a, W)} > W
& aCm+1,0) —afl — E(eT)}C(m)

> %{H h— i (i E(eT)}

s alC(m+1,a) — af{l — E(e*T)}C(m)
> W{l - E(e"")*{E@Ee )}
& E(eT)[uC(m+1,0){1 — E(e™)} ™" — aC(m)]
x {1—E@E ) ' >w (19)
& Wym+1)> W, (20)

which it is by supposition. Note that inequality (19) makes use of identity (11)
and also that the Lh.s of (19) is W, (m + 1) by (12). This concludes Case 1.

Case 2: l{C(n,a, W) — C(n— 1,0, W)} > W, n>m+ 1

We prove Case 2 by induction, observing that n = m 4 1 corresponds to
Case 1. We suppose that the required inequality holds for m + 1 <n < k and
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deduce it for n = k + 1. This will be enough. By the structure of the policy of
interest, the active action is chosen for states n > k and hence we have

Clk+1,0,W) = C(k+1,0) + E(e™*T)C(k, o, W), (21)
and
Clk,o, W) = C(k,a) + E(e™*T)C(k — 1,0, W).

Utilising the inductive hypothesis for n = k, we observe that it will be enough
to show that

wW{Clk+1,0) — C(k,0)} = W{l — E(e™*")}.
However, from (10) and (11) we readily infer that
w{Clk +1,0) — Ck, o)}
= E(eN)[aC(k + 1,a){1 — E(e™*T)} ™" — aC(k)]
= W,(k+ 1){1 —E(e")} (22)
> W{l - E(e ™)}, (23)
since by Lemma 3 and by the hypothesis of Lemma 4,
Wyk+1)> Wy(m+1)> W.

As indicated above, inequality (23) is sufficient to demonstrate the inductive
step and Case 2 is proved.

Case 3: l{C(m,o, W) — C(m — 1,0, W)} < W

Since the passive action is deployed at states n = m — 1, m by the policy
under study we have that

Cm—1,0, W) ={aC(m—1)— W}a+2) " +iC(m,o, W) (o + 1)~
(24)

with C(m, «, W) given by (18). From (11), (18) and (24) and straightforward
algebra we conclude that

w{Cm, o, W)= C(m—1,0, W)} < W
& a{lC(m+1,0) +aC(m)}ou+ i{1 — E(e* )} ' —aC(m —1)
< W{l - E(e")HE( ") (25)

However, making use of (11) we note that
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Wy(m) < W & E(e)[aC(m,0){1 — E(e ")} ™" —aC(m - 1)]
x {1—E@e* )} ' <w
S afa+u+ M1 — E(e )} C(m, o)+ {1 — E(e™*T)}]™"
—aC(m—1) < W{l — E(e ") }{E(e ")} ". (26)

We can now utilise (10) for the case n = m to infer that inequalities (25)
and (26) are equivalent. This establishes Case 3.

Case 4: l{C(n,a, W) —C(n— 1,0, W)} < W,n <m
We prove Case 4 by induction, observing that n = m corresponds to Case
3. We suppose that the required inequality holds for k + 1 < n < m and deduce

it for n = k. Since under the policy of interest, the passive action is chosen for
states n < k we have that

C(n,oa, W) = {aC(n) — WHoa+ 1) +iCn+ 1,a, W)(a+2)", n ? kj
27

Utilising the inductive hypothesis for n =k + 1, in order to establish the
required inequality for n = k it is enough to show that

w{Clk)—Clk—1)} < W. (28)
Utilising the calculation to (14), we have that
#{Ck) = Clk = 1)} < p{Clk, %) = Clk = L) {1 = E(e™")}™
= Wy(k) (29)
< W,(m) < W, (30)
as required. Note that equality (29) utilises the calculation to (22), while
(30) follows from Lemma 3. This establishes the inductive step and hence
Cas\?\’jhave now established (15) and (16) and hence have proved Lemma 4.

Theorem 1 is the main result of this Section.

Theorem 1 (Indexability and the Whittle index for discounted costs). The

restless bandit is indexable with Whittle index W,(n) = W,(n), n € N.
Proof. By Lemma 4 we have that
IL,(W)={0,1,...,n}, Wyn)<W < Wy,(n+1), neN. (31)

Indexability follows from Lemma 4. That W,(n) is the Whittle index in state
n follows from (31) and Definition 2.
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3.3 The form of the Whittle index for the average cost problem

Motivated by Lemma 1, we recover a Whittle index W : N — IR for the
average cost problem from the limit

=lim W,(n), neN, (32)

by Theorem 1. Utilising (12) within (32), we obtain the following result.

Theorem 2 (The Whittle index for average costs). The Whittle index for the
average cost problem is given by W(0) = 0 and

W(n) = [C{E(T)} " = Cln— DHE(T)} ', neZ, (33)

:M[E{c(n71+N)}fC(n*1)]v nel, (34)

where in (33) we have
T
Cln) = EU CIN(D)} dt|N(O) = n|, nez", (35)
0

and in (34), N is random variable with probability mass function
P(N=n)=p"(1-p), neN, (36)
where p = A/u.

Proof. The expression in (33) is a straightforward consequence of (12) and
(32). For (34), observe that from standard renewal theory arguments, the
average cost incurred under the policy which chooses the passive action in
states {0,1,...,n — 1} and active otherwise when C(m) is the cost rate in state
m € N is given by

{Cn)+ Cn—DI"HET) + 27"V ' = E{C(n— 1+ N)}, (37)

where N is a random variable with the steady-state distribution for the num-
ber of customers present in an M /M /1 system with arrival rate A and service
rate u, as in (36). The expression in (34) follows from (33), (37) and the fact
that E(T) = (u— 2)~". That W(0) = 0 is immediate from (32).

Comments
1. An interpretation of the index W (n) as the rate at which the holding cost

rate is reduced by serving the class in state # is clear from the expression on
the r.h.s. of (33).



Whittle’s index policy for a multi-class queueing system with convex holding costs 33

2. The expression in (34) allows for ready computation of W (n). If we have
C(n) = a + bn + cn? with a,b and ¢ all non-negative then it is straight-
forward to show that

W(n) = bu +C((3/j%jf))u +2cun, nel”,

which becomes bu when ¢ =0. Hence the Whittle index policy, which
always allocates service to whichever class from amongst those having cus-
tomers present in the system has highest Whittle index, is optimal when
cost rates are linear. Note also that if cost rate C(n) is polynomial in n of
order p then, from (34), the corresponding index W (n) is polynomial in n
of order p — 1.

3. We shall explore the performance of the Whittle index policy in two class
problems with quadratic costs in Section 5.

4 PCL - indexability

Nifio-Mora (2001a) maps out an alternative route to the demonstration of
(Whittle)-indexability for restless bandits and to index calculation which uti-
lises the stronger notion of PCL (partial conservation laws) — indexability.
This in turn is a development of ideas based on GCL (generalised conservation
laws) which played a fundamental role in the account of Gittins indexation
given by Bertsimas and Nifio-Mora (1996). In brief, let us suppose that we
wish to schedule a stochastic system which is servicing a countably infinite
collection of job classes indexed by the natural numbers IN. Denote by % the
collection of admissible scheduling policies. The stochastic optimisation prob-
lem of interest is the minimisation of some linear objective

S e (38)

ieN

where ¢; > 01is a cost rate for job class i and x/' a performance measure for class
i under scheduling policy u. When the system satisfies a collection of so-called
partial work conservation laws (PCL) then the stochastic optimisation prob-
lem in (38) is solved by an index policy for some choices of the cost rate vector
¢. Whether a particular choice is in this admissible class or not may be deter-
mined by running an adaptive greedy algorithm. A system which satisfies PCL
and whose cost-rate vector c is in the admissible class is called PCL-indexable.

Niflo-Mora (2001b) utilises the above ideas to develop sufficient conditions
for the (Whittle)-indexability of countable state restless bandits in terms of
model parameters. He further demonstrates that the restless bandit model
associated with our multi-class M /M /1 system described in Section 3 does
indeed satisfy these sufficient conditions and hence meets the requirements for
PCL-indexability. A closed form expression for the discounted index in (12)
in terms of model parameters emerges from the PCL approach via a (suit-
ably modified) version of the adaptive greedy algorithm above. The average
cost index in (32) is again obtained by considering the limit & — 0. This anal-
ysis is complex and the details may be found in Nifio-Mora (2001b). PCL-
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indexability is an important analytical tool which is sometimes available when
the simple direct arguments of Section 3 are not.

5 Assessing the Whittle index policy in a simple case
We shall assess the performance of the Whittle index policy for a two class

system with quadratic costs. We take Cy(n) = byn + ¢;n?, k = 1,2 and, fol-
lowing (1), seek an admissible control to minimise C¥, i.e.,

COoPT = inf C*,
ueu
where
cH ZEu{blNl +b2N2+ClN12+C2N22}. (39)

We shall consider a range of policies for this problem, including the index pol-
icy developed in Section 3. These will be compared with each other, and their
associated costs assessed against exact values of and lower bounds on the
minimised achievable cost COFT.

5.1 Classes of heuristic policies
Threshold policies

This class of policies was studied by Ansell et al. (1999) in the context of a
queueing control model which sought to minimise a linear cost objective over
admissible controls which satisfied imposed constraints on the second moments
of queue lengths. For a two-class system, threshold policies are specified by a
pair (k, T) where k € {1,2} and T € Z". The policy (k, T) gives priority to
class &, unless class not-k has a queue length which exceeds threshold 7. For
example, (1, 7T) works as follows:

(1) If Ni(¢) > 0 and N»(T) < T then a class 1 customer is served;
(2) If Nao(t) = T, or if 0 < N»(f) < T and N;(¢) = 0 then a class 2 customer
is served.

Ansell, Glazebrook and Mitrani (2001) developed approaches to performance
analysis for this class of policies. In particular, they demonstrate how to cal-
culate the joint steady-state distribution of the resulting queue lengths (N;, N,).
The policies demonstrate strong performance when compared with heuristics
which randomise between the pure priority policies which favour class 1 over
class 2 and class 2 over class 1 respectively.

Linear switching policies

The linear form of the Whittle index for the problem in (38) identified in Com-
ment 2 above suggests a development of the above threshold policies to those
which choose between classes 1 and 2 on the basis of a linear switching curve
ny = ony + f as follows:
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(3) If Ni(¢) >0 and 0 < No(7) < max{0,aN;(¢) + f} then a class 1 job is
served;

(4) If No(2) > alNy(t) + f, or if Na(f) > 0 and N;(¢r) = 0 then a class 2 cus-
tomer is served.

The joint steady state distribution
piy = lim PN\(1)) = i.Na(0) =j} = PNy =i Ny =), (i.]) e N,
under the policy described in (3) and (4) satisfies the balance equations
A+ 4+ I{i>00<j<ai+f)u(i>0,j=0)}
+wl{(i>0,j>0,j>0+pu(i=0,7>0)}pi;
= Api-1,j+ 22pij1 + {0 <j < a(i+1) + B}tpi,
F{(i=0) U (j+1>ai+p)}pij, (0 )) €N, (40)

where p_; ; = p; -1 = 0 and 7 is the indicator function.

In the numerical study which follows, solutions of (40) are obtained by
application of the Power Series Algorithm; see Blanc (1993). In outline, this
method takes the recursively unsolvable balance equations (40) and transforms
them into a recursively solvable set of equations via the introduction of an
additional parameter. Once the joint steady-state distribution has been com-
puted then the cost in (39) corresponding to any linear switching policy may
be inferred. In the numerical study reported in Section 5.2 this cost is then
minimised over choices of o and f to obtain an optimal cost in the linear
switching class.

Whittle index policies

From Comment 2 at the conclusion of Section 3, a Whittle index policy will
choose between the two customer classes when both have members present in
the system on the basis of the class indices

cr (3 — 1)
(e — 2ac)

If Wi{N(t)} = Wr{N,(¢)}, then class 1 is served at 7 provided that N;(z) > 0.
Otherwise class 2 is served if N,(¢) > 0. Plainly, such a policy is a member of
the class based on linear switching curves above. The corresponding switching
curve is easily shown to be ny = an| + ff where

Wi (n) = bruy, + +2ckyn, nelZk=1,2. (41)

1
o= H
Cofly

and
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(1 =)

2ca1y
with

(A + 1)

, k=12
(e — 2xc)

Bie = (brpye — 2crpy) +

5.2 Numerical study

In the numerical investigation based on the problem in (39), we sought to
compare (i) the minimum cost achievable by any threshold policy with (ii) that
achievable by any linear switching policy with (iii) that achieved by the Whittle
index policy. Note that romans (i)—(v) refer to columns in Tables 1 and 2
below. Since both the index policy and all threshold policies are members of
the linear switching class, the best achievable from the latter must bound the
others below. That fact notwithstanding, we shall see that the cost perfor-
mance of the index policy is remarkably strong. The above costs from des-
ignated policy classes are further compared with (iv) C?P7, the minimum cost
achievable by any policy from the admissible class and (v) a lower bound on
this minimum cost obtained by deployment of the achievable region approach
to stochastic optimisation. See Dacre, Glazebrook and Nifo-Mora (1999).

The costs in (i)—(iii) for designated policies were obtained by application of
the approach to performance analysis outlined in (40) and following. The min-
imal cost CY%T in (iv) was obtained by the DP method of value iteration and
is based on the recursion

byny + bany + cin? + canj
}vl + )»2 + Y251

Cryi(n,m) = min{

_i_ilct(nl +1,m3) + A2 Cy(n,no + 1) + p; Cy(ny — 1,m2)
M+ A+ 7

byny + bany + cin? + canj
M+ A+

n MCi(m + 1,n1) + L C(ni,ny + 1) + 1, Ci(ny,my — 1) }
Ao+ ’

(I’ll,nz) € (Z+)2a
(l] + A —&—,ul)C,H(nl,O) =bin; + Cll’llz + }vlcl(l’ll + 1,0) + }sz,(nl, 1)
+,ulC[(n171,0), ny EZ+,
(A1 + 22 + 1) Cr1(0,m2) = bamy + cond + 11 Co(1,m2) + 22 C,(0,m + 1)

+,u2C,(0,n2—1), n261+7
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Table 1. Values of the costs associated with (i) the best threshold policy, (ii) the best linear switch-
ing policy, and (iii) the index policy, together with (iv) C?PT and (v) a semidefinite lower bound
on COPT when by =5, b, = 1

a o (i) (ii) (iii) (iv) )
0.1 0.1 9.344 9.334 9.335 9.333 9.305
0.1 02 9.581 9.575 9.575 9.574 9.566
0.1 0.5 10.101 10.101 10.101 10.101 10.095
0.1 1.0 10.969 10.969 10.969 10.969 10.964
0.1 2.0 12.703 12.703 12.703 12.703 12.700
0.2 0.1 9.926 9.882 9.885 9.878 9.858
02 0.2 10.244 10.199 10.199 10.199 10.184
02 0.5 10.764 10.763 10.763 10.763 10.740
02 1.0 11.631 11.631 11.631 11.631 11.619
0.2 2.0 13.366 13.366 13.366 13.366 13.358
0.5 0.1 11.476 11.275 11276 11.272 11.242
0.5 02 12.053 11.906 11.917 11.902 11.866
0.5 0.5 12.752 12.700 12.701 12.699 12.604
0.5 1.0 13.620 13.615 13.615 13.615 13.544
0.5 2.0 15.354 15.354 15.354 15.354 15316
1.0 0.1 13513 13.016 13.026 13.004 12.898
1.0 0.2 14.742 14.304 14.307 14.258 14.205
1.0 0.5 15.962 15.713 15.725 15.706 15.494
1.0 1.0 16.933 16.848 16.848 16.848 16.638
1.0 2.0 18.668 18.660 18.660 18.660 18.517
2.0 0.1 16.473 15.404 15.427 15.348 15.089
2.0 02 19.074 17.990 17.990 17.969 17.778
2.0 0.5 21.799 20.992 21.096 20.962 20.660
2.0 1.0 23.482 22917 22917 22915 22.418
2.0 2.0 25.294 25.146 25.146 25.146 24.703

(11 + lz)Cprl(0,0) =1 C,(LO) + lzC;(O, 1), teN.

Full details of this numerical scheme may be found in Tijms (1994).

A minimised cost based on the above DP iterative scheme is obtainable for
the current two-class case but is not a realistic possibility for significantly
larger problems. This fact remains an important part of the motivation for
the development and analysis of heuristic policies. Hence, and with a view in
part to larger problems than the present one, we have also produced in (v),
lower bounds on C "7 by a computationally efficient procedure based on the
achievable region approach. The idea is to develop a range of constraints
satisfied by the first and second moments of the queue lengths. Let alge-
braic variables (x|, x2, y1, y2) stand for the moments {E(N;), E(N,), E(N?),
E(N3)} respectively and let P < (R*)* be the region defined by the con-
straints generated on these variables. Plainly the value of the optimisation
problem

min byx; + baxy + c1y1 + 2y

subject to (X1, X2, y1, y2) € P (42)
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Table 2. Values of the costs associated with (i) the best threshold policy, (ii) the best linear switch-
ing policy, and (iii) the index policy, together with (iv) C?PT and (v) a semidefinite lower bound
on COPT when by =4, by =2

a o (i) (ii) (iii) (iv) )
0.1 0.1 8.550 8.549 8.550 8.549 8.520
0.1 02 8.724 8.723 8.724 8.723 8.709
0.1 0.5 9.244 9.244 9.244 9.244 9.238
0.1 1.0 10.112 10.111 10.112 10.111 10.109
0.1 2.0 11.846 11.846 11.846 11.846 11.845
0.2 0.1 9.213 9.209 9.213 9.209 9.100
02 0.2 9.387 9.385 9.386 9.385 9.327
02 0.5 9.907 9.906 9.907 9.906 9.883
02 1.0 10.774 10.772 10.774 10.772 10.762
0.2 2.0 12.509 12.508 12.509 12.508 12.503
0.5 0.1 11.201 11.131 11.133 11.113 10.688
0.5 02 11.375 11.346 11.346 11.344 11.020
0.5 0.5 11.895 11.889 11.890 11.889 11.747
0.5 1.0 12.762 12.756 12.762 12.756 12.687
0.5 2.0 14.497 14.491 14.497 14.491 14.459
1.0 0.1 14.515 13.813 13.813 13.687 12.945
1.0 0.2 14.688 14.321 14.329 14.291 13.662
1.0 0.5 15.208 15.100 15.100 15.099 14.637
1.0 1.0 16.076 16.052 16.052 16.051 15.780
1.0 2.0 17.810 17.796 17.808 17.796 17.660
2.0 0.1 19.314 17.525 17.525 17.108 16.619
2.0 02 20.592 19.042 19.042 18.814 18.175
2.0 0.5 21.776 20.896 20.896 20.872 19.974
2.0 1.0 22.703 22.351 22351 22.350 21.560
2.0 2.0 24.437 24.359 24.359 24.356 23.846

is a lower bound on CPT. See Ansell et al. (1999) for details of how appro-
priate constraints determining P are developed. The resulting optimisation
problem in (42) is a semidefinite program and is solved by using an interior
point algorithm and software package (SDPA) developed by Kojima (1994).

The numerical results are presented in Tables 1 and 2 for problems with
A =1,y =3, 2, = 5and u, = 12 and a range of values of the cost coeflicients
by,by,c; and ¢,. All of the problems analysed in Table 1 have by =5, b, = 1
while those in Table 2 have b; = 4, b, = 2. Upon inspection of columns (i) and
(ii) in both Tables, firstly observe that extension from the class of threshold
policies to the larger linear switching class can effect a significant improve-
ment in performance. Note from (ii) and (iii) that the performance of the
Whittle index policy is very close to that of an optimal policy in the linear
switching class in all cases studied and more significantly, a glance at (ii)—(iv)
indicates that the index policy is also close to optimal in the class of all poli-
cies. While not relevant to the policy assessment which is our primary focus
in the current section, the values in column (v) which bound C?PT below, do
so sufficiently tightly to believe that the achievable region approach which
yielded them should provide an effective tool for analysis for larger problems
in which C9PT is not available.
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