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Introduction

The field of stochastic scheduling is motivated by prob-
lems of priority assignment arising in a variety of sys-
tems where jobs with random features (e. g., arrival or
processing times) vie over time for access to shared
service resources. Two prominent application areas
are the dynamic scheduling of flexible manufacturing
and computer-communication systems. Think, e. g., of
a manufacturing workstation whose capacity is shared
by multiple part types. Or consider a packet-switched
communication network’s channel whose bandwidth is
shared by multiple traffic classes. Another rich set of
applications is furnished by problems concerning the
dynamic scheduling of multiple projects, whose states
evolve randomly over time (e. g., research and develop-
ment projects, or clinical trials).

The performance of such systems, as evaluated by
a criterion such as the average time that jobs stay in
the system (flowtime), can be significantly affected by
the scheduling policy adopted to prioritize over time the
access of jobs to resources. This motivates the inter-
est of finding scheduling policies that optimize perfor-
mance objectives of concern (e. g., minimizing the av-
erage flowtime). Yet, the high degree of discretional-
ity allowed in the design of such policies gives rise to
a combinatorial explosion rendering intractable an ex-
haustive search to determine an optimal policy. Instead,
a goal of practical interest is to design relatively sim-
ple scheduling policies that achieve an optimal or nearly
optimal performance.

The theory of stochastic scheduling addresses such
a goal in the idealized setting of stochastic system mod-
els. Real-world random features such as job interar-
rival or processing times are thus modeled by specify-
ing their probability distributions. Model assumptions
vary across several dimensions, including the class of
scheduling policies considered to be admissible, job in-
terarrival and processing-time distributions, type and
arrangement of service resources, and performance ob-
jective to be optimized. Typically, admissible policies
are required to be nonanticipative, meaning that they
cannot make use of future information, such as the un-
known total duration of a job whose processing has not
yet finished.

Regarding solution methods and techniques, it
seems fair to say that no unified and practical approach
is yet available to design and analyze optimal or near-
optimal policies across the entire range of stochas-
tic scheduling models. Although many such models
can be cast in the framework of dynamic program-
ming, straightforward application of this technique typ-
ically results in intractable formulations (curse of di-
mensionality). Classical results in the area were ob-
tained through insightful ad hoc ideas, often based on
interchange arguments (cf. [41]), whose extension to
seemingly close model variations is hard or elusive. Yet
the last two decades have witnessed major advances in
promising research fronts, such as the use of Brown-
ian or of fluid approximations, the use of mathemat-
ical programming formulations, and the development
of priority-index policies.

Stochastic scheduling problems can be classified
into three broad types, which have evolved with sub-
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stantial autonomy: problems concerning the schedul-
ing of a batch of stochastic jobs, multi-armed bandit
problems, and problems concerning the scheduling of
queueing systems.

The historical development of each such area has
followed a similar three-stage pattern. In the first, ear-
lier stage, researchers elucidated the optimal policies
in relatively simple models. Such policies were often
found to be based on priority indices: an index is com-
puted for each job type or project, as a function of
its state; then, at each decision epoch jobs or projects
with larger index values are awarded higher priority
for access to service. In the second stage, research ef-
forts focused on identifying optimal policies in more
complex models, often at the expense of introducing
rather restrictive conditions on model parameters, such
as symmetry assumptions. In the third, current stage,
the main focus has shifted to develop computation-
ally tractable methods capable of addressing large-scale
models, which yield guidelines for designing good dy-
namic scheduling policies.

Models

Scheduling a Batch of Stochastic Jobs

In models of this class, a set of m machines is avail-
able to process a batch of n jobs with random pro-
cessing times having known distributions, in order to
optimize a given performance objective. The simplest
such problem is to sequence a set of n stochastic jobs
on a single machine (m D 1) to minimize the ex-
pected weighted flowtime. Job processing times are in-
dependent random variables, having a general distribu-
tion Gi (�) with mean pi for job i. Admissible schedul-
ing policies are required to be nonanticipative and non-
preemptive (processing of a job, once started, must pro-
ceed uninterruptedly to completion). Let wi � 0 de-
note the cost rate incurred per unit time in the system
(waiting or being processed) for job i, and let C̃i denote
its random completion time. Let ˘ denote the class of
all admissible policies, and let E� [�] denote expectation
under policy 
 2 ˘ . The problem can be formulated
as

min
�2˘

E�
2
4

nX
jD1

wjC̃ j

3
5 : (1)

In the special case where job durations are determin-
istic, Smith first showed in [60] that it is optimal to se-
quence jobs in nonincreasing order of the priority index
wi/pi . Such a rule is also optimal in the general stochas-
tic case (1), as shown in [57]. References [36,37] identify
conditions under which such an index rule is optimal
when there are multiple identical parallel machines and
processing times are exponentially distributed.

The model extension where policies are allowed to
be preemptive (processing of a job may be interrupted
at any time, to be later resumed) was solved by Sev-
cik in [58]. The optimal policy is again characterized
by a priority index for each job, which in this case is
a function of the cumulative processing time received
so far.

Optimal index policies have also been identified for
scheduling a batch of jobs on identical parallel ma-
chines, yet only under rather stringent conditions. The
main performance objectives investigated in such a set-
ting are: (i) minimize the total expected flowtime,

min
�2˘

E�

2
4

nX
jD1

C̃ j

3
5 ; (2)

and (ii) minimize the expectedmakespan (time to finish
the last job),

min
�2˘

E�
�
max
1� j�n

C̃ j

�
: (3)

The index rule that assigns higher priority to jobs
with shorter expected processing time (SEPT) has been
shown to be optimal for (2) under the following as-
sumptions: when job processing time distributions are
exponential [15,29,72]; when jobs have the same gen-
eral processing time distribution (having possibly re-
ceived different amounts of processing prior to start)
with a nondecreasing hazard rate function [65]; and,
more generally, when job processing time distributions
are stochastically ordered [67].

As for the expected makespan objective (3), the in-
dex rule that assigns higher priority to jobs with longer
expected processing times (LEPT) has been shown to
be optimal in the following cases: under exponential
processing time distributions [15,72]; and when jobs
have a common processing time distribution (with pos-
sibly different amounts of processing prior to start) with
a nonincreasing hazard rate function [65].
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Other models incorporate more complex features.
Thus, the optimality of the preemptive version of
Smith’s index rule is extended in [53] to models with
stochastic release dates or due dates. Also, in models
with uniform parallel machines, which differ in speed
rates, researchers have characterized optimal policies
exhibiting a threshold structure: see [1,55] for the prob-
lem of expected flowtime minimization, and [18] for
the problem of expected makespan minimization. An
optimal policy for the problem of scheduling a batch of
stochastic jobs in a flow shop (with m machines in se-
ries) is identified in [75].

The optimality of the simple policies identified in
the work reviewed above typically does not extend
to models that violate the required assumptions [19].
Finding an optimal policy in such cases appears to be
a computationally intractable goal (see [50] for a study
on the complexity of decision-making problems under
uncertainty, such as stochastic scheduling). This fact
has motivated the analysis of suboptimal heuristic in-
dex policies.

For example, it has been shown in [71] that, under
mild assumptions, the suboptimality gap for Smith’s
rule, when used as a heuristic for stochastic scheduling
on parallel machines, is bounded above by a quantity
that is independent of the number of jobs. Therefore,
as the latter grows to infinity the rule’s relative subopti-
mality gap vanishes, yielding a form of asymptotic op-
timality. An earlier asymptotic optimality result in the
same vein for a model of parallel machines stochastic
scheduling with in-tree precedence constraints was ob-
tained in [51].

A recent line of work uses optimal solutions to
linear programming relaxations to design and analyze
scheduling rules with performance guarantees for hard
stochastic scheduling problems [40].

Multi-Armed Bandits

Models in this class are concerned with optimally al-
locating effort over time to a collection of projects,
which change state in a random fashion depending on
whether they are engaged or not. A classic example is
the multi-armed bandit problem which, in its discrete-
time version, can be described as follows: there is a col-
lection of K projects labeled by k D 1; : : : ;K, exactly
one of which must be engaged at each discrete time

period t D 0; 1; : : :. Project k can be in a finite num-
ber of states ik 2 Nk , where Nk is the project’s state
space. If at period t project k occupies state ik and is
engaged, an active reward R1

k(ik) is earned, geometri-
cally discounted by factor 0 < ˇ < 1; then, the project
state changes in a Markovian fashion to jk with active
transition probability p1k(ik; jk) for jk 2 Nk . Projects
not engaged do not earn rewards (i. e., passive rewards
are R0

k(ik) � 0) and remain frozen. The problem is
to find a nonanticipative scheduling policy for selecting
the project to be engaged at each period, so as to maxi-
mize the total expected discounted reward earned over
an infinite horizon. Denoting by˘ the class of such ad-
missible policies, and denoting by Xk(t) and by ak(t)
the state and the action (ak(t) D 1: active; ak(t) D 0:
passive) for project k at period t, the problem can be
formulated as

max
�2˘

E�
"
1X
tD0

ˇ t
KX

kD1

Rak (t)
k

�
Xk(t)

�#
:

Such a classic problem, whose name refers to a slot
machine with multiple arms, one of which must be
pulled at each time, has its origins in problems of se-
quential design of experiments [56,62]. After being long
considered intractable, the problem was solved in a cel-
ebrated result by Gittins and Jones [28]. The optimal
policy is given by an index rule: an index �k(ik) is de-
fined for each project k as a function of its state ik ; then,
at each time a project with currently largest index is en-
gaged, breaking ties arbitrarily. The Gittins index gen-
eralizes that introduced in [7] for Bayesian Bernoulli
bandits, which in turn was based on the index intro-
duced in [13] for finite-horizon Bayesian bandits.

The optimality of such an index rule, for the orig-
inal model and extensions, has a rich history of proofs
yielding complementary insights. Such proofs are based
on different techniques, including interchange argu-
ments [26,28,64,70], dynamic programming [73], in-
tuitive arguments [66], induction arguments [63], and
conservation laws/linear programming [8]. See [27] for
a comprehensive reference. For efficient methods to
compute the Gittins index, see [17,35,46].

The important model extension where projects
not engaged continue to evolve, typically with differ-
ent transition probabilities, was introduced by Whittle
in [74]. Its greatly improved modeling power comes,
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however, at the cost of tractability [52]. In the setting
of a time-average version of such amulti-armed restless
bandit problem, he deployed a Lagrangian approach to
obtain a heuristic index rule that reduces to Gittins’ in
the classic model. His conjecture regarding the asymp-
totic optimality of such an index rule as both the num-
ber of projects and the required number of projects to
be engaged grow to infinity in a constant ratio was es-
tablished, under appropriate conditions, in [68]. Yet his
proposed index for restless bandits only exists for a re-
stricted class of bandits, termed indexable, which raises
the issue of finding sufficient conditions for indexabil-
ity.

The results in [74] were based on introduction of
a tractable problem relaxation, which also yields useful
bounds on the optimal value. Improved bounds based
on a hierarchy of linear programming relaxations were
introduced in [11].

A framework for the analysis and computation of
restless bandit indices, leading to the unifying con-
cept of marginal productivity index, has been re-
cently developed and deployed in several applications
in [42,43,44,45]. See [47] for an accessible review of
such a line of research.

The incorporation of penalties (costs or delays)
for switching projects also yields an important yet in-
tractable model extension of classic bandits [34], as it
is no longer solved by index policies [5]. Yet, [3] intro-
duced an intuitive index that partially characterizes op-
timal policies. An efficient algorithm to compute such
an index, based on the natural formulation of classic
bandits with switching costs as restless bandits with-
out them, along with extensive computational experi-
ence showing that the resulting index policy is nearly
optimal, is reported in [49].

Scheduling Queueing Systems

Models in this class concern the design of optimal poli-
cies for dynamic allocation of jobs to servers, where jobs
arrive over time according to given stochastic processes
The main class of models in this setting is that ofmulti-
class queueing networks (MQNs), widely applied as ver-
satile models of computer-communication and manu-
facturing systems.

The simplest types of MQNs involve scheduling
a number of job classes in a single server. Similarly as

in the two problem categories discussed above, simple
priority-index rules have been shown to be optimal for
a variety of such models. Consider the case of a multi-
class M/G/1 queue, where K job classes vie for the at-
tention of a single server: Jobs of class k D 1; : : : ;K
arrive at the system as a Poisson process with rate �k ,
and their service times are drawn independently from
a common distribution Gk(�) with mean 1/�k . Class j
jobs incur linear holding costs at rate ck � 0 per unit
time that a job resides in the system (waiting or in ser-
vice). The goal is to find a nonanticipative and nonpre-
emptive scheduling policy prescribing which job class
to serve at each decision epoch, in order to minimize
the long-run average holding cost rate per unit time.
Let ˘ denote the class of all such admissible policies,
and let E� [Lk] denote the expected number of class k
jobs in the system under policy 
 2 ˘ . The problem
can be stated as

min
�2˘

KX
kD1

ckE� [Lk] :

Its solution is given by the classic c�-rule [21], which
is the same as the Smith index rule discussed above:
award highest service priority at each time to a job with
largest index ck�k . The c�-rule is also optimal among
preemptive policies when service times are exponential.

The optimality of an index policy for the model
extension that incorporates Markovian job feedback
(when a class k job completes service it changes class to
lwith probability pkl , and leaves the system with proba-
bility 1 �

PK
lD1 pkl ) was established by Klimov in [38].

The optimal priority index is efficiently computed by
the K-step Klimov algorithm. The result was extended
to the discounted criterion in [61].

An account of these results based on the achievable
region method, which seeks to characterize the region
of achievable performance vectors (e. g., mean queue
lengths for each class) by means of linear programming
constraints that formulate conservation laws, has been
given in [8,20,25,59] (in increasing levels of generality).
The performance of Klimov’s index rule, when used as
a heuristic in the model extension that includes iden-
tical parallel servers, has been analyzed using such an
approach in [31]: a relaxed linear programming for-
mulation of the performance region is shown to yield
closed-form suboptimality bounds, which imply the
rule’s asymptotic optimality in heavy-traffic.
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More general MQN models involve features such
as changeover times for changing service from one job
class to another [39], or multiple processing stations,
which provide service to corresponding nonoverlap-
ping subsets of job classes. Due to the intractability of
such models, researchers have aimed to design rela-
tively simple heuristic policies which achieve a perfor-
mance close to optimal. The accomplishment of such
a goal has been hindered by formidable technical chal-
lenges, including the stability problem for multiclass
queueing networks with multiple stations [14,24]: in
general it is not known what conditions on model pa-
rameters ensure that a given policy is stable (the time-
average number of jobs in the system is finite). As
a result, computer simulation remains the most widely
used tool in applications of these models. Theoreti-
cal approaches currently under active development in-
clude the development of heuristic scheduling poli-
cies based on: diffusion approximations of the original
system under heavy-traffic conditions [6,32,33,54,69];
fluid approximations [4,16,23];mathematical program-
ming formulations [9,10,12,22,30,31]; and restless ban-
dit indexation [2,43,44,45,47,48].
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The basic transportation problem (a minimal cost net-
work flow problem in a bipartite graph) is a very well-
known problem, which can be efficiently solved with
existing methods. It is also an important problem in
practice; transporting goods from a set of supply points
(factories) to a set of demand points (customers) so as
to minimize transportation costs is a situation that of-
ten faces planners.

However, in practice the demand of the customers
is often not known exactly. In many cases it is best seen
as a stochastic amount, with a certain probability func-
tion and a certain expected value. Models of this sit-
uation also exist in the literature, and quite efficient
solution methods have been developed, see for exam-
ple [1,10] and [9]. The problem is called the stochastic
transportation problem, (STP), and is a transportation
problem with the demand constraints replaced by non-
linear convex costs.

Considering the other end of the transportation
problem, there are facility location models, which deal
with the question of whether or not a certain supply
point should be utilized. In such problems, a supply
point (facility) is available only if a certain fixed cost is
paid. Such models, with linear costs for transportation,
are also well known andseveral efficient solution meth-
ods exist, see for example [3,6,17], and [21]. (Other
variants of location problems are treated in � Facil-
ity location with staircase costs and � Facility location
problems with spatial interaction.)

Obviously both these aspects can be interesting to
consider simultaneously, i. e. planning the location of
supply facilities and transportation of goods to the
customers, while considering the demand as stochas-
tic.This is what we call the stochastic transportation and
location problem. This problem has received little at-
tention until now. Only a few suggestions for solution
methods can be found in the literature, [2,11,12,14].
The latter two papers actually consider a further gen-
eralization with generalconcave costs at the supply
points, together with the convex costs at thedemand
points.




