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Abstract

In this note we analyze the relationship between one-step ahead prediction errors and interpolation
errors in time series. We obtain an expression of the prediction errors in terms of the interpolation errors
and then we show that minimizing the sum of squares of the one step-ahead standardized prediction
errors is equivalent to minimizing the sum of squares of standardized interpolation errors.

Keywords: Fixed-Point Smoothing; Interpolation Error; Kalman Filter; Prediction Error.

1 Introduction

It is well known that the likelihood function of an ARMA(p, ¢) process can be written in terms of the one step
ahead prediction errors using the conditional distribution of each observation given the previous data. This
is called the prediction error decomposition. The Maximum Likelihood Estimate (MLE) of the parameters
can be computed by minimizing the concentrated likelihood function, which depends on the one-step ahead
prediction errors. The interpolation problem consists in the estimation of a missing observation by using the
past and future values of the time series. The interpolator which minimizes the mean squared error criterion
is computed by the expected value of the observation given the rest of the sample. The interpolation error
is the difference between the interpolated value and the true value of the observation. In the state-space
form of ARMA models, the interpolator is obtained with some smoothing algorithm, such as the fixed point
smoother (FPS) (see Anderson and Moore, 1979).

The aim of this note is to show the relationship between prediction errors and interpolation errors and
to prove that the parameter values which minimize the mean squared prediction error are the same as those
which minimize the mean squared interpolation errors. This note is organized as follows. In section 2 we
introduce the notation and briefly review the Fixed Point Smoothing algorithm. In section 3, we first obtain
an expression of the one step ahead prediction error in terms of the interpolation errors, second we derive
the covariances between interpolation errors and third we show that minimizing the sum of squares of the
one step-ahead standardized prediction errors leads to the same result than minimizing the sum of squares
of the standardized interpolation errors. Section 4 illustrates the result in the simplest case of a first order
autoregresssive process.

2 Kalman Filter and fixed point smoothing
Let {2} be a process following a zero mean stationary and invertible ARMA (p, ¢) model,

where ¢ (B) =1—-¢B—...—¢,B?,0(B) =1—-6;B — ... — ,B9 and {u,;} is a sequence of independent
N(0,0?) variables. We denote the vector of ARMA parameters in (1) by 3 = (¢1, ..., ¢y, 01, ...,Hq)' and a
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sample generated by this process by z = (21, ..., zT)', where T is the sample size. Let X, be the covariance
matrix of z, then the likelihood function is:

_T 1 'yl
L(z18,0%) = 2m) % |5.] F exp (—Z : )

Let zy¢—1 = E2|2-1,...,21] for t = 1,..., T, be the one step ahead predictions obtained by minimizing
the mean squared errors, where 219 = E[z], and let e; = 2; — 21 be the corresponding one step
ahead prediction errors with variances F {(zt - Zt\t—l)Q} = a%f‘ .1, and where var (z) = O'Q’Uio. The
log-likelihood, ¢ (z|8,02) =log L (z|8,0?), can be written as:

T

T 1 1 L g2
E(ZW,UQ) =-3 log 2mo? — 3 ZlOgUt2|t—l - = Z 2t ’
t=1

and the maximum likelihood estimate of o2 is given by,

UMLE =7 Z 2 ) (2)

Vile—1

and, using (2), the maximum likelihood estimate of (3, BMLE, maximizes the concentrated log-likelihood

given by,

Vilt—1

The state-space representation for ARMA(p, q) models proposed by Jones (1980) is obtained by defining
r = max{p,q + 1}, with:
= H/l't,
e = Fap1 + Guy, (3)

where H = (1,0,...,0), z; = (zuztﬂ‘h --~7Zt+7’71\t)/7 G = (1,¢1,...,¢r_1), and:

0 1 0 - 0
F= : : : : 0
0 0 0 e 1
L ¢r ¢r—1 ¢7’—2 ¢1 i
where $(B) = ¢(B)'0(B) = 1+ X2, 4B, and 245 = E oyl 2 }WithE[(ij—w)Q} -

‘72”15 il With this representation, the Kalman Filter computes the log-likelihood through the recursions:

Tt|t—1 = Fxtfl\tfl
Yijpm1 = 8y I’ +1Q

Ky = Syp o H (v}, ) (4)
Tyje = Ty + Ke (20 — 240-1)
Zt|zt = (I - KtH/)Et\tflv

fort =1,...,T, where 21 = H'zy4_1, =H'Sy,1H, Q= GG and,

2
Vilt—1

Ty = B we|21, .00y 26]

02845 = cov (w21, ..., 2] - st=1...T



The initial conditions are z1g = o) = 0 and 0?%y)g = 0?Xg|g = cov(xo) and o2 is estimated with (2).
Suppose now that we want to interpolate the observation at time ¢ = h. The interpolated value,
E [zh|z(h)] = z}(ﬁ%, where z(,) = {z;:i=1,...,T, i # h} is obtained in two steps. First, we assume that
the value z;, is missing and compute the estimation of the state variables with the Kalman Filter under this
condition. Second, we compute the interpolated value by going backwards with the Fixed Point Smoothing
algorithm. The situation in which z; is not observed can be represented by the state-space model,

= (1= 1") H'we + 1w,

(5)
= Fri_1 + Guy,

where It(h) is a dummy variable such that It(h) =0,t=# hand I,(Ih) = 1 and w; represents independent N (0,1)
variables, independent of z;,. The Kalman Filter applied to this situation is given by,

x(f) = Fu :Eh)l\t 1

Ztﬁ) 1= Fzgh)ut @

K = (110 50 (20) ®
) =l 4 K (s

S (1 (1 1) KPS

fort =1,...,T, where Zt(|t) 1= (1 — I( )> H'zx (‘}? 1+ I(h)wt, f‘t(f)l = (1 — It(h)> H’E(‘t) H+ I(h) and,

(h)
x, ) = FElxg|z1, ey 25
e = Elrelzn, 2] st=1,..T
Ejjs = cov [xt|21, .., 2] -
All the values have the subscript h in order to distinguish between the Kalman Filter with the observation

at t = h and without it. Of course, for ¢ < h, W = Ty4—1- Note that for ¢ = h, UZ];thl =1.

t)t—1
Second, we use the Fixed Point Smoothing (FPS) algorithm to obtain the interpolated value, that can
be derived as follows. Consider the augmented process y; = [ z; ' |, such that, ¢ = 2§ ; and 2§ =z,

with state-space form given by,
Tt _ F 0 Ti—1 G
EI R E
2 = [ (1—15“)}1’ 0 } [ ;ﬁ ]+I§h)w

Now, applying the Kalman Filter to the augmented process y;, for ¢ > h, with the initial condition
=y the FPS works as follows, (see Gomez and Maravall (1994) for more details):

hlh—1
Ki = (1 *I(h)) (E?\t 1)/H (Ut2|,t(f)1>_1

(h)y _ (k) a (h)
xh\t Ty g + K (zt _Zt\tq)

a
Yhih-1 =

h h
Shie =S - (1= 1) S H (K
h h !
St =S (F= (1= 1) PR H')

We note that for ¢ = h, the FPS gives K} = 0, xz‘,)l = a:gr,)l " EEJ‘LZ = EEJ‘LEL_I and Ezﬂ‘h = EZ\th/'
The interpolation value for zp is Z}(1|1)" H’ a;gllgr and the corresponding interpolated error is given by,
ih = Zh — Zl(zill%’ (8)

with B [i3] = o (H'S{}.H).



3 A relationship between prediction and interpolation errors in
ARMA processes

In this section, we analyze the relationship between interpolation and prediction errors and obtain an ex-
pression for the prediction error in terms of the interpolation errors. This relationship allows us to obtain
the covariance matrix of the interpolation errors. We also show that the parameter values which minimize
the sum of squares of the standardized one step-ahead prediction errors are the same that minimize the sum
of squares of the standardized interpolation errors. This main result is summarized in the following theorem:

Theorem 1 Let z = (z1,...,21)" be a time series generated by the stationary and invertible ARMA (p,q)
process in (1). Let i, be the interpolation error of the observation at t = h and let ey, ...,er be one step
ahead prediction errors assuming that all the observations are known. Then, iy can be written as follows,

i = cglh)eh + C;Ih_ﬁleh_i'_l + ..+ cgﬂh)eT (9)
where the coefficients c( ) e ,cgfl) are given by,
T T
o —1-m S Kt M= —H (Kf > K?b?) . t=h+1..T, (10)
i=h+1 i=t+1

and the coefficients b are given by,

t—h—i t—h—1
hti _ —h—i (h) ph+i ho_ —h (h) ph+i
Wit = H' PR, - H'F Z K00 b = H'F'™"K) — H'F Z Ky bt (11)
j=1 Jj=1
fori=0,...,t —h—1.
Proof. Let,
e =22 t=htl,..T (12)

be the prediction errors assuming that observation at ¢ = h is missing. The relationships in (7) provide the

following expression for the interpolated value z}(flb%

h h h @ h
}(L‘% z}(LV)L 1t H'Kt+1 (Zh+1 — wa)l‘h) + ...+ H'KS (z zéwl%w 1)
and by (8) and (12),
in=en— HEK el — . — HESelD. (13)
We will obtain an expression of the errors egh) in terms of the prediction errors e;, for ¢t > h. For (12), we

have:
(h)

h h
€ =2 — Zt—1 + 21 — Z,E‘t)_l = et + Zyt—1 — Zt(\t)—r
Using the Kalman Filters in (4) and (6), it can be shown that:
2 ) = H'F"Kye, + HF"! (K K\ el H'F (K — EKMel
=17 Zp1 = hen + h+1€ht1 — B ey )+ t—16t—1 t—16t—1 ) »

and, therefore,

e = H'Fth K ey + H R0 (Khﬂeh+1 Ké@leﬁl) .+ HF (Kt,let,l—Kt( >egh>1) .. (14)



Consequently, starting from 62}21 = ept1 + H' FKjep, we obtain the values of egh) in terms of ey, ..., e;

as:

egh) =e + b ey 4+ bley,

where the coefficients b are obtained recursively from (13) and (14), and are given by,

t—h—1i t—h—1
h+i —h—i h) 3 h+i F (h) 1h+i
Wt = H'Fh R, — HE YD KT b= TR, - HF Y K b
j=1 j=1
for i =0,...,t — h — 1, which shows (9) with the coefficients in (10). ®
Some consequences are as follows. First, F [i] = 0. Second, the variance of i, is given by,

T 2 T
var (ip) = E (i}) = E (Z th)et> = gzz( (h)) ”tlt 1-
t=h t=h
Third, if m > h, then,

_ 2 (h)
cov zh,@m =0 ¢ t vt|t 1

t=m

Let e=(ey,...,er) and i = (iy,...,ir)" be the vectors of prediction and interpolation errors. The vector
e has a diagonal covariance matrix 3. with elements O’Q’UE‘ +—1»t=1,...,T. The vectors e and i are related by

i = Ce, where C'is an upper triangular T' x T' matrix with elements c,, = c&v), u,v = 1,...,T. Consequently,

the covariance matrix of 7 is X; = CX.C’, and taking into account that i = Ce, we also have that,
'S Vi=(Ce) (C.C") ' (Ce) = 'S e
As a consequence, the parameters that minimize the sum of squares of standardized interpolation errors,
7 Ei_lz', are the ML estimates, that is the parameters which minimize the sum of squares of standardized
prediction errors, e/ te. As a by-product, we get that,
0 (s te) 0 ('S 14)

0 ((]517 ...qf)p791, ...,9q70'2) N 8(§f)1, ...¢p, 917 ...79(1, 0'2)'

4 Tllustration

As an illustration, consider an stationary AR(1) model with zero mean and autoregressive parameter ¢.

Running the Kalman filter for a realization of this process, z = (21, ... ,zT)', with initial conditions xjg =
Tojo = 0 and 21‘0 = ZO|0 = (1 — ¢2)_1 we get the prediction errors e = (eq,. .. 7eT)/ and their conditional
variances o> Ul\o =0 (1 - ¢2) " and 02vt2|t = 02, t > 1. Running the Kalman filter assuming that the
observation ¢ = h is missing, and then, the FPS algorlthm we get,
" :{¢ t=nh K“:{ 0 t#h+1
t1fe 0 t>h ¢ T t=h+1
l‘(h) _ OTH—1 t=nh Z(h) 1 =h
hit 1_4;% (Zh—l + Zh+1) t>h hlt # t>h ’
implying that the interpolated value is z}(ﬂw = #ﬁﬁz (#2h—1 + zp+1) with interpolation error ip, = zp —
#’;2 (zh—1 + zn+1). From (13) and (11), we get,
(1*(252)617(;562 h=1
ip = #eh—ﬁ%ehﬂ h=2,....T-1 (15)
er h=T



which gives the variance of i,

o2 _ _
var(ih):{ 1+¢? h=2,....T-1
o

and the covariances between interpolation errors,
—o?¢ — —
3 ) = — g — —
COU(lh,lm,) m m—h+1,h—2,,T—2

m>h+1, h=1,...,T

implying that the interpolation errors are uncorrelated if m — h > 1.
Finally, we show the equality i’Y; i = ¢/~ e in the case of an AR(1) model. For that, we note that %,

can be written as,
2 ¢?
Ye=o0 <I+1_¢2U>
where U is a matrix which all its elements are 0 except the (1,1) element that is 1. From (15) we have that
i = Ce where the matrix C has elements,

0 (i,)) = (1,2)
Clj)={ T7F j=t2sisT—1
’ 1+¢¢2 j=i+1,2<i<T—1
1 (4,7) = (T,T)
0 otherwise.

As 'S = ¢/C7 (C.C") " Ce, we only need to show that ¢’ (CS.C")~" C = ;1. For that,

2 2
! 2 ¢ /2 / (b / _
Cx.C'=Co <I+1_¢2U)C—O' <C’C’I+1_¢2C’UC’)—
=o*CcC' I+ ik " tuc') =q2cc 1+ ¢ U).
1—¢2 1—¢2
Therefore,
cenoyio= Lo (s v) oyt Lo (I-62U) ()" =
e 52 1—¢2 - 52 -
1 1 1 _
== (I—¢20’U(C/) ) = (I-¢?U) =3
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