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Introduction to Statistics

Continuous Random Variables

Distribution Function

For a discrete variable X, the cumulative Ef?f Iﬁ
distribution function, F(x) = P(X < x), is a EE;
step function: o JJ
F(X) = Zi:xi <X P(X:Xi) D 2 4 2 8 ’ :

For a continuous variable, the cdf is T
a smooth, non decreasing function. v

"0<F(x)<1 .

n F(_oo) =0 ) _

= F(x) < F(x+h) forh >0 /,.f"

"F(»)=1 A A A R
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The density function

For a discrete variable X, the probability | . .
mass function is P(X = x), which is positive "t .
at a discrete set of values x4, X, ... oF .

0<P(X=x)<1, = P(X=x)=1 nt ?,

For a strictly continuous variable, P(X=x) = 0! %)

Instead we have a density function, f(x).

F(x,)
= 0 < (%)

» The area under the density uptox is
the same as F(x) = P(X < x). ’
» The area under the whole density is 1.
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The normal or gaussian distribution

Many variables have a bell shaped density.
Examples:
» Weights of a population of the same age and sex.

» Heights of the same population.
» The grades in a course (urban myth).

To say that a continuous variable X, has a normal distribution with mean p
and standard deviation o , we write:

X~ N(u,09)
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The standard normal distribution

The normal distribution with mean 0 and standard deviation 1 is called the
standard normal distribution.

There are tables which allow us to calculate the probabilities for this
distribution, N(0,1).

If we have a normal r.v.,, X with mean u and standard deviation ¢ we can
convert this to a standard, N(0,1) r.v. using the transformation:
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Examples

Let Z ~ N(0,1). Calculate the following probabilities:

*P(Z<-1)
*P(Z>1)
*P(-15<2Z2<2)

Calculate the 90%, 95%, 97,5% and 99% percentiles of the standard normal
distribution.

(These values are useful in the next chapter)

Let X ~ N(2,4). Calculate the following probabilities

* P(X<0)
*P(-1< X<1)
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Probabilidad

\\\7‘\
o _
Tabla 3. Probabilidad de gue wuria varicakble normal de mredica cero v desvicaciaon tipicer viiter teomie
wurn valor mernor que =
z T 0,00 0.01 0,02 0,03 0,04 0,05 0.06 0,07 0.08 0,09

— 3.4 0.Q003 0,.0003 Q0003 0.0003 O,0003 Q0003 00,0003 0.Q003 000023 0, 0002
3.3 0.0005 0.0005 0.0005 0.0004 0.0004  0.0004 0.0004 0.0004 Q.0004 0.0003
— 3.2 0,.0007 O, 0006 00,0006 0, 00006 00,0006 O, 00006 0O,00006 00,0005 Q. 0005 0,.0005
— 3.1 00010 0,000 0, 0009 00,0009 0.0008 0, 0008 00,0008 0,000% 0, 0007 0.0007
— 3.0 00,0013 Q0013 00013 0.0012 00,0012 00,0011 00,0011 0.0011 00,0010 00,0010
—2.9 0.0019  0.0018 0.0018 0.0017 0.0016  O.0016 0.0015 00,0015 0.0014 0.0014
— 2.8 00,0026 Q0025 O.0024 0023 0.,0023 00022 00021 00,0021 00,0020 O.0019
- 2.7 0035 00,0034 0, 0033 00,0032 000631 G.0030 0.0029 0.0028 0.0027 0.0026
— 2.6 0.0047 0,004 5 0,004 4 0.0043 0,004 1 Q.0040 00,0039 00,0038 0.0037 O.0036
2.5 00,0062 ,0060 Q0059 00057 0, 0055 00,0054 00,0052 0, 0051 0. 0049 3,004 8

— 2.4 00,0082 0,0080 0.0078 0.0075 00,0073 0,0071 0,0069 0., 0068 00066 0, 00064
— 2.3 O, 0107 O,0104 00102 0.0099 Q. 0096 O, 0094 0,009 1 O 0089 Q0087 0,008
— 2.2 00139 O,01306 00,0132 0.0129 00,0125 0,.0122 03,0119 00116 00113 Q0110
— 2.1 00179 0,0174 00,0170 0.0166 0,016 O,0F58 00,0154 0.,0150 0.0146 00,0143
2.0 O.0228 0.02272 0.0217 0.0212 0.0207  OQ.0202 0.0197 0.0192 O.0188 0.0183
— 1.9 0.0287 0O.0281 S 0.0274 00,0268 00262 0.0256 00250 0,024 0. 0239 0,0233
— 1.8 00,0359 0,0351 0,034 0.0336 00,0329 00322 00,0314 0,0307 00,0301 0.0294
— 1.7 00446 00436 00427 0.0418 0.040% O, 0401 0.0392 00384 00375 00,0367
— 1.6 00,0548 Q0537 0.QAO526 Q0516 0,0505 00495 00485 0,0475 .0465 00455
— 1.5 00,0668 0655 00643 0. 0630 0,0618 0.0606 0.0594 0.0582 Q0571 00559
— 1.4 0. 0808 0.0793 0.0778 Q0764 0.0749 0,0735 00,0721 G,0708 0, 0694 00681
— 1,3 00968 0.0951 00934 Q0918 0., 0901 0.0855 00869 O.0853 O 0838 00823
— 1.2 0.1151 0. 1131 0.1112 Q,1093 00,1075 0. 1056 O 1038 O,.1020 Q. 1003 D0985
— 1,1 O,1357 00,1335 0. 1314 Q1292 O, 1271 01251 0. 1230 Q.1210 0,1190 0. 1170
— 1.0 0.1587 0.1562 0. 1539 G, 1515 0. 1492 0. 1469 O, 14406 O.1423 0.1401 0. 1379
-9 0. 1841 0.1814 0. 1788 0. 1762 0, 17306 O 1711 O 1085 0O.1660 Q0. 1635 01611
— 0.8 02119 0. 2090 0. 2061 0. 2033 0. 2005 0. 1977 Q19499 00,1922 O, 1894 01867
0.7 0. 2420 0. 2389 0. 2358 Q2327 0. 2296 0. 2266 0. 223G 0.22006 Q0. 2177 Q2148

— 0.0 O.2743 0. 2709 O. 2670 Q. 2643 0. 2011 0. 2578 0. 2546 Q2514 O.24483 .2451
Q.5 0. 3085 0. 3050 0.301 5 0.2981 0.2946 0.2912 Q2877 O, 2843 0.,2810 02776

— 0.4 0. 3440 0. 3409 0.3372 Q. 3336 0. 3300 0. 3264 0.32728 0.3192 0.3156 03121
— 0.3 0.3821 D,3783 00,3745 03707 0. 3669 0.3632 00,3594 0O, 3557 0.3520 0. 3483
— 0.2 0. 4207 D. 4168 0.4129 O, 4090 04052 00,4013 0.3974 0O.39306 0.3897 O, 3859
— 0,1 0. 4602 00,4562 Q4522 O 44873 00,4443 0,440 0,436 Q<4325 0. 4286 0. 4247
— 0.0 Q. 5000 0., 4960 0,490 20 0. 4880 0. 48540 0. 4801 00,4761 O, 721 0. 46851 0. 4631
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Probabilidad )

N

Tabla 3. (contirntuacion) Probabilidad de que wurna variable normal de media cero v desviacicdn

tipica o rtome un valor menor gue =
z 0,00 0.01 0.02 0,03 0,04 0,05 0,06 0,07 0,08 0,09
., 0,.5000 00,5040 0O, 5080 0,5120 2,.5160 0,5199 00,5239 00,5279 00,5319 00,5359
. 0.5398 0.5438 00,5478 00,5517 Q. 5557 00,5596 00,5636 00,5675 00,5714 00,5753
s 00,5793 O, 5832 0.5871 0,5910 ,5948 Q5987 00,6026 00,6064 00,6103 Q6141
a 0.6179 Q.6217 0.,6255 0.6293 Q6331 O.6368 0. 64006 0.6443 0.6480 O,6517
5 0.6554 0.6591 00,6628 D.6664 Q,6700 00,6736 0.6772 0, 6308 00,6844 00,6879
' 0.6915 0.6950 0.6985 00,7019 O.7054 (07088 0.7123 0.7157 0.7190 0.7224
_ 00,7257 a. 7291 0. 7324 0. 7357 Q. 7389 O, 7422 0. 7454 0,746 0, 7517 Q. 7549
. 00,7580 Q. 7611 O, 7642 0., 7673 Q7704 Q. 7734 0, 7764 0. 7794 0. 7823 Q. 7852
; O.7881 0O.7910 O0O.7939 07967 0O.7995  (O.8023 O0O.8051t O.8078 O.8106 O.8133
. O,8159 0.851836 00,8212 00,8238 0, 8264 0,828 00,8315 0. 8340 0.8365 O, 8389
- Q.8413 O, 8438 0.8461 00,8485 Q. 8508 00,8531 00,8554 08577 0.8599 O.8621
. Q.B643 (O.B665 O.8686 0O.8708 <(LR729 O.8749 O.8770 08790 O.8810 O.8830
Y Q. 8849 0, 8869 O,.B8888 0,89007 O, 8925 O, 8944 00,8962 00,8980 0.8927 0,92015
; 00032  0.9049 09066 09082 09099 0.9115 09131 0.9147 0.9162 O.9177
. 00,9192 Q,9207 09222 00,9236 0.9251 00,9265 00,9279 092902 0.9306 09319

0.9332  Q.9345 0.9357 0.9370 O.9382 0.9394 0.9406 0.9418 00,9429 0.9441
0.9452 0.9463 0.9474 0.9484 ©.0495 0.9505 0.9515 0,9525 0.9535 09545
0.9554 0.9564 0.9573 09582 O.9591 0.9599 0.9608 09616 0.9625 0.9633
0.9641 0.9649 0.9656 0.9664 0.2671 0.9678 0.9686 0.9693 0.9699 0.9706
0.9713 0.9719 09726 O.9732 O,9738 0,9 744 00,9750 0.9756 09761 0.9767
00772 O.9778 0.9783 0,9788% 0,9793 0.9798 0.9803 0.98D8 09812 0.9817
0.9821 00,9826 0.9830 09834 00,9838 0.,984>2 0.9846 09850 0.9854 0.9857

4

LN o 0N a e U NHC RN b RN =0 AR EWN =T

. 0.9861 0.9864 0.9868 00,9871 0.9875 0.9878 O.9881 0. 98834 0.9887 0.9890
. O.9R93 Q.9896 0.9808 00,9901 0,9904 00,9906 00,9909 09911 09913 Q.9916
. 00,9918 0.9920 0.9922 0.0925 O.9927 0,9929 0,993 1 09932 00,9934 0.9936
. 0.9938 00,9940 00,9941 0.9943 0.9945 0.994.6 00,9948 00,9949 0.995) 0.9952
. 0.9953 0.9955 0.9956 0.9957 09959 0.9960 0.9961 0.9962 0.9963 00964
i 09965 O.9966 0.9967 O.9968 0.9969 0.9970 00,9971 0.99072 0.9973 Q.9974
. 0.9974 0.9975 0.9976 Q9977 0.9977F 0,9978 00,9979 009079 0Q.9980 0.9981
. 09981, D.99]2 0.9982 0.9983 05984 0,908 0,998 G.9985 00,9986 0,9986

00,9987 00,9987 00,9987 00,9988 0,9988 0.9989 00,9989 00,9989 00,9990 00,9990
0.9990) Q,9991 0,9991 Q,9991 0.,9992 00,9992 0.9992 00,9992 0, 9993 0,9993
0,9993 0. 9993 0.9994 00,9994 0.9994 0,9994 00,9994 0,999 5 00,9995 00,9995
00,9995 0.9995 0.9995 00,9996 0.9996 0.9996 0.9996 00,9996 0.9996 00,9997
0.,9997 00,9997 00,9997 00,9997 Q9997 00,9997 00,9997 0.9997 00,9997 (,9998

wow o

o
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It iIs easier to do the calculations with

Excel...

with the standard normal ...

.. or directly with the original distribution.

Calculation with Excel

Argumentos de funcion @

DISTR.NORM.ESTAMND

z (=) = 1

= 0,158655254

Devuelve la distribucién normal estdndar acumulativa, Tiene una media de cero y una
desviadon estandar de uno.

Z es el valor cuya distribucion desea obtener.

Resultado de la farmula = 0,158655254

Avyuda sobre esta funddn Aceptar l l Cancelar ]
Argumentos de funcian @
DISTR.NORM

X |0 =

Media 2
Desv_estandar 2

| (T (@) (G
i) | H il
n
[T =]

Acum | VERDADERG)| = VERDADERO

= 0,158655254
Devuelve la distribucion acumulativa normal para la media y desviacion estandar espedificadas.

Acum es un valor [ogico: para usar la funddn distribucidn acumulativa

= VERDADERO; para usar |a funcién de probabilidad bruta =
FALSO,

Resultado de la formula = 0,158655254

Avuda sobre esta funcidn Aceptar l ’ Cancelar
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Approximation of the binomial distribution using a normal

When n is large enough, the binomial distribution, X~B(n, p), looks like a normal
distribution,

N(np,/np(i-p))

The approximation is usually considered to be reasonable if:

np > 5 and n(1-p) > 5.

EXAMPLE

We throw a fair coin in the air 400 times. What is the probability of getting
between 180 and 210 heads?
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The exact solution using Excel for the binomial distribution is 0,833.
The estimated solution using the normal approximation is 0,819.

;f'ﬁ This can be improved with a continuity correction and then the

S \9(' exact and approximate solutions are equal to 3 decimal places, but

If we have Excel, ... why should we use an approximation?

We will see in the next chapter.
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Example (Test)

According to the last CIS survey, the mean level of satisfaction with Mariano
Rajoy is 3,09 with standard deviation 2,5. If these evaluations follow a normal

distribution and a person is chosen at random, then the probability that they give
Rajoy a rating of less than 3,09 is:

a) 0,5.
b) O.

c) 1.236
d 1.
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Example (Test)

The inflation rate follows a normal distribution with mean 1 and variance 4. Which of
the following Excel formulas gives the probability that inflation will be negative?

Argumentos de funcién @

DISTR.NORM.ESTAND

z o

= 0,5
Devuelve la distribucion normal esténdar acumulativa. Tiene una media de cero y una
desviaddn estandar de uno.

Z es el valor cuya distribucion desea obtener,

Resultado de la formula = 0,5

Ayuda sobre esta funcidn Aceptar l’ Cancelar l

Argumentos de funcién @
DISTR.NORM
X 0 =10
Media |1 =1

Desv_estandar 2 =2
Acum |FALSO| = FALSO
= 0,176032663

Devuelve la distribucién acumulativa normal para la media y desviacién estdndar especificadas.
Acum es un valor l6gico: para usar la funddn distribucidn acumulativa

= VERDADEROQ; para usar la funcién de probabilidad bruta =
FALSO.

Resultado de la formula = 0,176032663

Avyuda sobre esta funcdidn

Argumentos de funcién @

DISTR.NORM
X 0
Media |1
Desv_estandar 4

Acum |VERDADERO VERDADER.O

= 0,401293674
Devuelve la distribucidén acumulativa normal para la media y desviacion estandar espedficadas.

Desv_estandar es la desviaddn estandar de la distribucidn, un nimero
positivo.

Resultado de la formula = 0,401293674

Ayuda sobre esta funcddn Aceptar ] [ Cancelar

Argumentos de funcign @
DISTR.MORM
X 0 a
Media |1 1

Desv_estandar 2

Acum |VERDADERO VERDADERO

= 0,308537539
Devuelve la distribucién acumulativa normal para la media y desviacién esténdar especificadas.

Acum es un valor [dgico: para usar la funcidn distribucion acumulativa

= VERDADERQ; para usar la funcién de probabilidad bruta =
FALSO.

Resultado de la férmula = 0,308537539

Ayuda sobre esta funddn Aceptar ] [ Cancelar
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Example: (Exam)

The following table records the ratings of the government ministers in the last CIS
survey:

Desviacidn

Media tipica (N)
a) Supposing that the ratings of Chacon in e PRT: 281 (1092)
. H H H : José Blanco 3.69 2.49 (1672)
Spain follow a normal dlstrlbgthn with Franotsoo Gaanafo e 256 (880)
mean 4,55 and standard deviation 2,6, EEUHE IR e S e
calculate the probability that a Spaniard Ange1 Gabilondo 3.89 2.52  (926)
Cristina Garmendia 3.62 2.31 (685)
rates her below 4,55 Valeriano Gomez 3.19 2.35 (616)
b) For a set of three Spanish people, what e odoregat oo oi0(or0)
is they probability that they all rate her e Pab 2o gl e
t)f?l()\ﬂ/ ESﬁ)* Alfredo Pérez Rubalcaba 4.72 2.87 (2012)
' L . Elena Salgado 3.74 2.50 (1443)
c) The lowest mean rated minister is Miguel Sebastidnn 3.34 28 {862y

Gonzalez Sinde. If her ratings are
normally distributed, calculate the
probability that a randomly chosen *See the next slide.
Spaniard rates her exactly 5.
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i

Argumentos de funcién @

DISTR.MORM.ESTAMD

z =5
= 0,999933713
Devuelve la distribucidn normal estandar acumulativa, Tiene una media de cero y una 0, 999999713

desviacion estandar de uno,

Z es el valor cuya distribucidn desea obtener.,

Resultado de la farmula = 0,999999713

Avuda sobre esta funcdn Aceptar ][ Cancelar ]

[ Argumentos de funcién @

DISTR.NORM
X 5 5
Media 4,55 4,55
Desv_estandar 2,6 | = 26
Acum |VERDADERO| F%:| = VERDADERO 0,568704518
= 0,568704513

Devuelve la distribucidn acumulativa normal para la media y desviadén estandar especificadas.

Acum es un valor l6gico: para usar la fundén distribucian acumulativa
= YERDADERQ; para usar |a funcdn de probabilidad bruta =
FALSO.

Resultado de la farmula = 0,568704518

Avuda sobre esta funcdn Aceptar ] [ Cancelar
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Other continuous distributions

= Uniform distribution.
» The exponential and gamma distributions.

= How much time between consecutive “rare events”
= How much time between k “rare events”.

» Distributions related to the normal: chi-squared, t, F. (see next sections)

= [f Zis N(0,1) then Y = Z2? is chi-squared (with 1 degree of freedom)
w If Z,,...,Z, are N(0O,1) then Y, = Z,%> + ... + Z,2 is chi-squared with k
degrees of freedom.

= T = ZNY,is Student’s t distributed with k degrees of freedom.

" F =YY\ Is Fisher's F distributed with j and k degrees of freedom.



