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Introduction

0 Joint study of two variables
0 Dependence between two variables

0 Regressio

y=f(X)+U
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Simple linear regression model

O Linear regression
0 History of linear regression

y=p5,+LX+uU




——————————————————————
Example:

Oxygen purity in a distillation process

Table 6-1 Oxygen and Hydrocarbon Levels

Observation Hydrocarbon Level Purity
Number x (%) v (%)
1 0.99 90.01
2 1.02 89.05
3 1.15 91.43
4 1.29 93.74
5 1.46 96.73
6 1.36 94.45
7 0.87 87.59
8 1.23 91.77
9 1.55 99.42
10 1.40 93.65
11 1.19 93.54
12 1.15 92.52
13 0.98 90.56
14 1.01 89.54
15 1.11 89.85
16 1.20 90.39
17 1.26 93.25
18 1.32 93.41
19 1.43 94.98
20 0.95 87.33
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Example:

Oxygen purity in a distillation process

Purity

88 90 92 94 96 98
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Simple linear regression model

npairs ,Y;)
Aim: predictY with information fromX
X: Independent variable (explanatory or covariate)

Y. dependent variable (to be fitted)

Y, =5+ 8% tu
B, andf, regressiomroefficierts

O O O O

B, Intercept
[, slope
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Simple linear regression model

y

Observed value
Data (y)

Estimated
regression line

X

Figure 6-6 Deviations of the data from the estimated
regression model.
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Model assumptions
1. Linearity

2. HomogeneityE[u]= 0
3. HomocedasticityVar[u]=c?
4. Independencey indep.u;, in particularE[uu]= 0

5. Normality, u~N(0, 0)
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Model assumptions

Y
(Oxygen

purity)

B0+B1(1.25) &

True regression line

uylx =Bo+ Bix
=75+ 1bx

ﬁU + ﬁl (1.00)

x =100 x=1.25 x (Hydrocarbon level)

Figure 6-2 The distribution of Y for a given value of x for the oxygen
purity—hydrocarbon data.
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Least squares

Observed value
Data (y)

Estimated
regression line
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Least squares (Gauss, 1809)

o Aim: Find 5, and S, that best fit our data.
O Equation:

Y = :éo + lélxi

O Residual errors: y T
E=Y"Y =Y _(:80+181)(i)

O Minimize:

D€
=1



Least squares (Gauss, 1809)

O Estimators:

"_S><,Y
181_ S>2(

N _—_SX,Y—
ﬁo y S>2< X



Example:

Oxygen purity in a distillation process

Purity

88 90 92 94 96 98

09 10 11 12 13 14 15

Hydrocarbon Level
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——————————————————————
Example:

Oxygen purity in a distillation process

n=20 X =1.196 y =92.16

S? =0.681 S, =10.177

Xy

. [, [10d7% 5 _o_ac
L5 . =1495 f,=y-BX =9216-(14.95]1.196= 74.28
‘s 0681 fo=y=A (1499

y = 74.28+14.95x
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——————————————————————
Example:

Oxygen purity in a distillation process

Furity

T—— y =74.28+14.95x

88 90 92 94 96 98

09 10 11 12 13 14 15

Hydrocarbon Level



——————————————————————
Example:

Oxygen purity in a distillation process

0 Statistical packages (R) solve it with a click
> |m(y~X)

Call:
Im(formula =y ~ x)

Coefficients:

(Intercept) X
74.28 14.95
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Estimating the variance

2
Residue varianct S?(e) = 2.& UNBIASED

2
Residuaktandarakrror S(e) = ZQZ
n —
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Inference In simple linear regression

5 1. X L |s?
; N[ﬁo,Jn(HSXZU o \/ B

,80 _A:Bo ~t
SB)
o o’ S*(e)
B, N(ﬂl, nsfj S(B) = e
Iél _Aﬂl ~t
sB)
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Inference In simple linear regression

Ho: 5 =0 Density functiort, _,
H: B #0 o
If = IBi" > tn—2,a/2 g
S(5) :
we rejectH,. °
C= 1:n—2,a'/2 .
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——————————————————————
Example:

Oxygen purity in a distillation process

>summary(lm(y~x))
Call:
Im(formula =y ~ x)
Coefficients:
Estimate Std. Error t value Pr(>|t
(Intercept) 74.283 1593 46.62 < 2e¥16
X 14.947  1.317 11.35 &0 ***

Residual standard error: 1.087 on 18 degrees efitnm
Multiple R-squared: 0.8774, Adjusted R-squafe8706
F-statistic: 128.9 on 1 and 18 DF, p-value: 1.209e
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Adeqguacy of the regression model

Sum of squares identity

O Sum of Squares identity: $SS$,+SS
SS = TotalSumof Squares Zn: (y, —¥)?

SS = Regressio Sumr of Square = Z (¥, - V)°
i=1

SS = ErrorSumof Squares ) (y, - ¥)* =) €
i=1 1=1

O ANOVA test
S&
- |:1,n—2
SS/(n-2)

If 5, =0,then
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——————————————————————
Example:

Oxygen purity in a distillation process

>summary(lm(y~x))
Call:
Im(formula =y ~ x)
Coefficients:
Estimate Std. Error t value Pr(>|t
(Intercept) 74.283 1593 46.62 < 2e¥16
X 14.947  1.317 11.35 &0 ***

Residual standard error: 1.087 on 18 degrees efitnm
Multiple R-squared: 0.8774, Adjusted R-squafe8706
F-statistic: 128.9 on 1 and 18 DF, p-value: 1.209e
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R2 coefficient

a Commonly given as a percentage.

0 Represents the percentage of variability explained
by the regression model.
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Adequacy of the regressic
Diagnostic graphs

Once the regression model has been fitted:

0 Study the residual errors to check that
model assumptions are fullfilled.

0 If the model assumptions are not fullfilled, the
variables must be transformed.
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N Non-linear relations

A

v
\ 4

Residual graphs
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Linearity

O The relationship
betweerx andy should - ¥
be linear. ’ N

o Check that there is r % ) ) -
structure in the fitted 2z -4 = =« -
vs. residuals graph. & * Lt

fitted values(iIm(y ~ x})
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Homocedasticity

The variance of residual error must be approxingatel
the same for all levels of the explanatory variable

!_l

|
o
°
°
°
<>
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Independence

O Data should not be

correlated with time. o n
_|_
0 Check that there is no ++
. . % - 4+
(time) tendency It i .
residual errors. % ol 7 ++ P
% " T+
— + N X
.
I T T T I
5 10 15 20
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Normality

Check residual errors are normaly distributed.

Normal Q-Q Plot

> shapiro.test(residuals(Im(y~x))) o
Shapiro-Wilk normality test

data: residuals(Im(y ~ x)) - -
W = 0.9796, p-value = 0.9293

Sample Quantiles
8]

Theoretical Quantiles
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Numerical interpretatioaf thecoefficients

Once we have determined the regression coefficients
O y=atbx
Whenx is enlarged 1 uniy enlarges units .
o In(y)=a+bx
Whenx is enlarged 1 uniy enlarges by 1086 .
O In(y)=atbin(x)
Whenx is enlarged by 1%y enlarges byw% .
O y=atbIln(x)
Whenx s enlarged by 1%y enlarged/100 units .
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Multiple linear regression model

0 Joint study of several variables (more than
two).

0 Several independent variablesre used
(Jointly) to predict a depedent variabte

0 Useage of all available information.

y=06,+BX*...+ X +U




—!

Multiple linear regression model

O nobservationsxy,..., X.Y:)

O Aim: predicty with information fromxg,...,%

O Xqg,...,%: INdependent variables (regressors)

0 Y. dependent (response) variable (to be predicted)

Y =Bt BXyt...+ BX U
Bo: Bis- -, B, regressiorcoefficierts
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Xampie. ice cream consumptuon

4-week periods from Consumption  Price of Weekly Mean
March 18, 1951 to  ofice cream  ice cream  family income temperature
July 11, 1953 v X, X, X,
dollars degrees
pints per pint dollars Fahrenheit
1 386 270 78 41
2 374 282 79 56
3 393 277 g1 63
4 425 280 80 68
5 406 272 76 69
6 344 262 78 65
7 327 275 82 61
8 288 267 79 47
9 269 265 76 32
10 256 277 79 24
11 286 282 82 28
12 .298 270 85 26
13 329 272 86 32
14 J18 287 83 40
- . 15 381 277 84 55
Y Ice creanconsumptin s 381 287 52 6:
17 470 280 80 72
- 18 443 277 78 72
Xl pl’lce 19 386 277 84 67
20 342 2T 86 60
X, familyincome 2 oo W oW 0
. . 87 40
2 y 23 284 277 94 32
24 326 285 92 27
25 309 282 95 28
X3 tempera’trB 26 359 265 96 33
27 376 265 94 41
Ignacio Cascos 28 416 265 96 52
29 437 268 91 64
30 548 .260 90 71
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Figure 1. A, Scatterplot of ice cream consumption (C) vs temperature (T) showing the best-fit
simple regression line as described by Equation 6 in the text.

Y icecreanconsumptio
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Figure 2. Three-dimensional plot of the best-fit multiple regression plane relating ice cream
consumption (C) to both temperature (T) and income (I), as described by Equation 9 in the
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Model assumptions

1. Linearity, data approx. belong to a hyperplane

2. HomogeneityE[u]= 0
3. HomocedasticityVar[u]=c?
4. Independencey indep.u;, in particularE[uu]= 0

5. Normality, u~N(0, 0)
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More about thesssumptions

O Summarizing:

Y, ~ N(:Bo+:81xil+---+:8kxik’a)

Extra hypothesis
0 The sample sizen| is greater thak+1

0 The explanatory variables are linearly
iIndependent.
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Matrix approach to linear regression

0 We can write the multiple linear regression model a

Y=XG+U
with:
/yl\ 1 X, - xlk\ /lgo\ (ul\
N Rl VO i O I P8 VIS
; 1 o :
\ Yn / 1 Xq o X B Y

a?l,) ;Y ~N(xB,0%,)
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Least squares

Observed value
Data (y)

Estimated
regression line
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Least squares

o Aim: Find 4,,05,,...,4 that best fit our data.
O Equation:
9i =B, + BX +...+ BX
O Residual errors:
87 -V, =Y, _(180+/81Xi1+“'+/8kxik)

O Minimize:

e

i=1 |
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Least squares estimators

0 Estimator of the regression coefficients:

N\

B=(x X)Xy




Example: Ice cream comsumption

> m(y~x2+x3)

Y icecrean consumptin
Call: Xl price

X, temperatce
Coefficients:

(Intercept) X2 X3
-0.113195 0.003530 0.003543
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Geometrical interpretation

Vector subspace
spanned by th
columns ofX
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Variance estimation

O The variancer is estimated by means of the
residual variance

" e’

SZ(e) — Z|:1
n—-k-1
O Itis an unbiased estimator gt and further

D&
9)

2
2 ~ /Yn—k—l
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Inference in multiple linear regression

B=(x'X)"X is normally distributed, thus
BNl )]+ BN BB

Var[,@i _1] =2 (X'x )™

Variancec? is usually unknown and estimated by
theresidual variance

s(B.)=\(x %) 59
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Inference in multiple linear regression

In order to determine whethrrcontributes
significantly to the multiple linear regression

model, we must te H,: 5 =0
H,: B #0.

The null hypothesis Is rejected If:

N\

B |,

N\

S(B)

Ignacio Cascos Depto. Estadistica, Universidad Carlos IlI 49
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Example: Ice cream comsumption

> summary(Im(y~x2+x3))

Call: _ _
Im(formula = y ~ x2 + x3) Y Icecrean consumptin
Coefficients: xl price

Estimate Std. Error t value Pr(>|t|
(Intercept) -0.113195 0.108280 -1.045 0.30511
X2 0.003530 0.001170 3.017 0.00551 * X, temperatte
X3 0.003543 0.000445 7.963 1.47e-08 ***

X, family income

Residual standard error: 0.03722 on 27 degrees of freedom
Multiple R-squared: 0.7021, Adjusted R-squared: 0.68
F-statistic: 31.81 on 2 and 27 DF, p-value: 7.957e-08
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Sum of squares identity
O Sum of Squares identity: $SS$,+SS

SS = TotalSumof Squares ) (y; - ¥)*
=
S& = Regressioisumof Squares Z(9i =)
=1

SS = ErrorSumof Squares ) (y, —§,)° =) €’
i=1 =1
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R2 coefficient

0 TheR? coefficientis given by:

A2
ss, > (9 -Y) ss
SS

0 Theadjusted R coefficienttakes into account the number
of model parameters, and only increases if thelvesi
variance decreases

L 2
=2 _q_ SS/(n-k-1) _q_ S°(e)
SS/(n-1) SS/(n-1)
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Example: Ice cream comsumption

> summary(Im(y~x2+x3))
call Y icecrean consumptin
Im(formula =y ~ x2 + x3)
Coefficients: X, price
Estimate Std. Error t value Pr(>[t| i
(Intercept) -0.113195 0.108280 -1.045 0.30511 X2 fam”y nCome
X2 0.003530 0.001170 3.017 0.00551+ X3 [EMperatre
X3 0.003543 0.000445 7.963 1.47e-08 ***

Residual standard error: 0.03722 on 27 degrees of freedom
Multiple R-squared: 0.7021, Adjusted R-squared: 0.68
F-statistic: 31.81 on 2 and 27 DF, p-value: 7.957e-08
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ANOVA test
SS/k

If 5,=05,=...= 5, =0,then ~iF ¥
181 182 IBk S&/(n_k_l) k,n-k-1

We can check wheter there exist some linear relatio
between the response variable and the regresstrg
Ho:6,=5=...=6.=0
H,:somes # 0.

The null hypothesis is rejected If:
SS/k
SS/(n-k-1) T
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Example: Ice cream comsumption

> summary(Im(y~x2+x3))

Call: _ _
Im(formula = y ~ x2 + x3) Y Icecrean consumptin
Coefficients: xl price

Estimate Std. Error t value Pr(>|t|
(Intercept) -0.113195 0.108280 -1.045 0.30511
X2 0.003530 0.001170 3.017 0.00551 * X, temperatte
X3 0.003543 0.000445 7.963 1.47e-08 ***

X, family income

Residual standard error: 0.03722 on 27 degrees of freedom
Multiple R-squared: 0.7021, Adjusted R-squared: 0.68
F-statistic: 31.81 on 2 and 27 DF, p-value: 7.957e-08
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Multicollinearity

o Multicollinearity Is a common problem in
multiple linear regression. It appears when
there exist strong dependencies among the
regressor variablex

0 Inthe presence of multicollinearidet((X*X)[LD

O It often happens that all indenpendent
variables contribute significantly to their
simple models, but not to the multiple model.
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Selectiorof variables. diagnostigraphs

0 Thebest modeis selected among the ones all
whose independent variables contribute
significantly to It.

0 To keept
low, we c

ne number of variables reasonably
noose the model with the highest

adjusted

R coefficient.

0 Diagnositic graphsAs for simple regression.

Ignacio Cascos
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Example: Ice cream comsumption

> summary(Im(y~x1))

Estimate Std. Error t value Pr(>|t|)
(Intercept) 0.9230 0.3964 2.329 0.0273 *
x1 2.0472 1.4393 -1.422 0.1660 X, price

> summary(Im(y~x2)) X, family income
Estimate Std. Error t value Pr(>[t|) X, temperatte

(Intercept) 0.316715 0.168665 1.878 0.0709.

X2 0.000505 0.001988 0.254 0.8014

Y ice crean consumptin

> summary(Im(y~x3))

Estimate Std. Error t value Pr(>|t|)
(Intercept) 0.2068621 0.0247002 8.375 4.13e-09 ***
X3 0.0031074 0.0004779 6.502 4.79e-07 ***
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Example: Ice cream comsumption

> summary(Im(y~x2+x3))
Call: Y ice crean consumptin
Im(formula =y ~ x2 + x3)

Coefficients: xl price

Estimate Std. Error t value Pr(>|t| X, family income
(Intercept) -0.113195 0.108280 -1.045 0.30511
X2 0.003530 0.001170 3.017 0.00551 **
X3 0.003543 0.000445 7.963 1.47e-08 ***

X, temperatte

Residual standard error: 0.03722 on 27 degrees of freedom
Multiple R-squared: 0.7021, Adjusted R-squared: 0.68
F-statistic: 31.81 on 2 and 27 DF, p-value: 7.957e-08
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Example: Ice cream comsumption

> summary(Im(y~x1+x2))

Call: Y ice crean consumptin
Im(formula =y ~ x1 + x2)

. X, price
Coefficients: -
Estimate Std. Error t value Pr(>| X, family iIncome
(Intercept) 0.9002400 0.4550344 1.978 0.0582. X3 temperatte
x1 -2.0300382 1.4738940 -1.377 0.1797
X2 0.0002135 0.0019687 0.108 0.9144

Residual standard error: 0.06583 on 27 degrees of freedom
Multiple R-squared: 0.0678, Adjusted R-squared: -0.001257
F-statistic: 0.9818 on 2 and 27 DF, p-value: 0.3876
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Example: Ice cream comsumption

> summary(Im(y~x1+x3)) . .
Call: Y Ice crean consumptin

Im(formula =y ~ x1 + x3) Xl price

Coefficients: ..
Estimate Std. Error t value Pr(>|t| X2 fam”y Income

(Intercept) 0.59655 0.25831 2.309 0.0288 * X3 temperatte

x1 -1.40176 0.92509 -1.515 0.1413

X3 0.00303 0.00047 6.448 6.56e-07 ***

Residual standard error: 0.04132 on 27 degrees of freedom
Multiple R-squared: 0.6328, Adjusted R-squared: 0.6056
F-statistic: 23.27 on 2 and 27 DF, p-value: 1.336e-06
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Example: Ice cream comsumption

> summary(Im(y~x1+x2+x3))

Call: Y icecrean consumptin
Im(formula =y ~ x1 + x2 + x3)

. X, price
Coefficients:

Estimate Std. Error t value Pr(>|t| X, family income
(Intercept) 0.1973151 0.2702162 0.730 0.47179 X3 temperatte
x1 -1.0444140 0.8343573 -1.252 0.22180
X2 0.0033078 0.0011714 2.824 0.00899 **

X3 0.0034584 0.0004455 7.762 3.1e-08 ***

Residual standard error: 0.03683 on 26 degrees of freedom
Multiple R-squared: 0.719,  Adjusted R-squared: 0.6866
F-statistic: 22.17 on 3 and 26 DF, p-value: 2.451e-07
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Dummy variables

In a sample we might have
observations from two differe
groups

Example Female and male
iIndividuals.

Ignacio Cascos Depto. Estadistica, Universidad Carlos IlI
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Dummy variables

0o A dummy (or indicator) variable represents
the group:

Oif thel -th observatio belongsogroupA
1if thel - th observatia belongsogroupB
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Dummy variables

y=p05,+Bx+[5,d+u

y=p45,+Bx+[,d+[.xd+u

Ignacio Cascos Depto. Estadistica, Universidad Carlos IlI
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Dummy variables

0 It may happen that there are more than two groups.

O In case we havegroups, we must introduce 1
dummy variablesl, , 1<t<s-1

1 if thei -thobservatia belonggogroupt
0 otherwise

.

y=p5,+5x+5,d +5d,+[5,d,+u
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