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Abstract

In this note, we analyze the relationship between one-step ahead prediction errors and interpolation
errors in time series. We obtain an expression of the prediction errors in terms of the interpolation errors
and then we show that minimizing the sum of squares of the one-step ahead standardized prediction errors
is equivalent to minimizing the sum of squares of standardized interpolation errors.
© 2005 Elsevier B.V. All rights reserved.
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1. Introduction

It is well known that the likelihood function of an ARMA(p, ¢) process can be written in terms
of the one-step ahead prediction errors using the conditional distribution of each observation
given the previous data. This is called the prediction error decomposition. The maximum
likelihood estimate (MLE) of the parameters can be computed by minimizing the concentrated
likelihood function, which depends on the one-step ahead prediction errors. The interpolation
problem consists in the estimation of a missing observation by using the past and future values of
the time series. The interpolator which minimizes the mean-squared error criterion is computed by
the expected value of the observation given the rest of the sample. The interpolation error is the
difference between the interpolated value and the true value of the observation. In the state-space
form of ARMA models, the interpolator is obtained with some smoothing algorithm, such as the
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fixed point smoothing (FPS) (see Anderson and Moore, 1979). The aim of this note is to show the
relationship between prediction errors and interpolation errors and to prove that the parameter
values which minimize the mean squared prediction error are the same as those which minimize
the mean-squared interpolation errors. This note is organized as follows. In Section 2 we
introduce the notation and briefly review the FPS algorithm. In Section 3, we first obtain an
expression of the one-step ahead prediction error in terms of the interpolation errors, second we
derive the covariances between interpolation errors and third we show that minimizing the sum of
squares of the one-step ahead standardized prediction errors leads to the same result as
minimizing the sum of squares of the standardized interpolation errors. Section 4 illustrates the
result in the simplest case of a first-order autoregressive process.

2. Kalman filter and fixed point smoothing

Let {z,} be a process following a zero mean stationary and invertible ARMA(p, g) model,

$(B)z; = 0(B)uy, ()
where ¢(B)=1—¢;B—---—¢,B’, 0(B)=1—-0,B—---—0,B? and {u} is a sequence of
independent N(0,¢?) variables. We denote the vector of ARMA parameters in (1) by f =
(¢1,...»¢,,01,...,0,) and a sample generated by this process by z = (z1,...,zr)’, where T'is the

sample size. Let 2, be the covariance matrix of z, then the likelihood function is

/Zjl
l(mﬂ¢¥)=(2nr”7ﬂ2A—”2exp(—z : Z).

Let z—1 = El[z/lz=1,...,z1] for t =1,...,T, be the one-step ahead predictions obtained by
minimizing the mean squared errors, where z10 = E[z1], and let e, = z, —z—1 be the
corresponding one step ahead prediction errors with variances E[(z; — z— D= 0'21)[2‘[ ;> and
where var(z) = ov7). The log-likelihood, £(z|f, %) = log L(z|, %), can be written as

1
{(zIB, %) = —Elog 2no? — Z log v,lt 1 2—2
=1 t\t 1
and the MLE of ¢” is given by
amE—TEZZ )

=1 Utji—-1

and, using (2), the MLE of f, BMLE, maximizes the concentrated log-likelihood given by

1 & LU
S(ﬁ):TZIOgvtzt_l—i-log(Z — )

t=1 =1 “tt-1
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The state-space representation for ARMA(p, ¢) models proposed by Jones (1980) is obtained by
defining r = max{p, ¢ + 1}, with

Zy = H/x,,
x; = Fx,_1 + Guy, 3)
Where H = (1,0, e ,0)/, X = (Zl‘)ZH-Hta e ,Zt+r—l|t)/7 G = (l,lpl, e ’wr—l)/’ and
0 1 0 - 0

0 0 0 ..
_d)r ¢r71 ¢r72 e 4)1 ]
where Y(B) = ¢(B) '0(B) = 1 + 3.0, ¥, B, and z,1j; = Elz11/1z1, . . ., 21] With E[(z1; — Zi1j0)°] =

azvfﬂ.‘t. With this representation, the Kalman filter computes the log-likelihood through the

recursions

Xtlt—1 = Fxt—llt—la

Spr =FX 0 F' + 0,

K, = Z‘t\t—lH(U?U—l)_la

X = X1 + Ki(z; — zy0-1),

Xp=U—-KH)Z 1, 4)

fort=1,...,T, where z;,_1 = H'xy—1, vflr_l =H'X,1H, Q= GG and,

Xys = Elx/|z1,. .., z4],

s,t=1,...,T.
azzmzcov[xtlzl,...,zs]. ’ T

The initial conditions are xjj9 = X0 = 0 and 6> ) = 6*Z¢jp = cov(xy) and ¢ is estimated with
(2). Now, suppose that we want to interpolate the observation at time ¢ = /4. The interpolated
value, Elzplzg)] = zglz)T, where zpy ={z; :i=1,...,T, i#h} is obtained in two steps. First, we
assume that the value z; is missing and compute the estimation of the state variables with the
Kalman filter under this condition. Second, we compute the interpolated value by going
backwards with the FPS algorithm. The situation in which z; is not observed can be represented
by the state-space model,

z=(-— Igh))H’xz + Igh)wt,
Xy = FX[_I + Gu;, (5)
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where / 5”) is a dummy variable such that / 5’” =0, t#hand Iﬁlh) = 1 and w; represents independent
N(0, 1) variables, independent of z;. The Kalman filter applied to this situation is given by

(h) (h)

z|1r 1= Fx

Z-(h) = FZ(h) F/ + Q,

t|t— t—1t—1

th) — ( o I(h))Z(h) ( 2,(h) )71,

=141 Wy

X By g )

1t t|t 1 t]t—1

W= -1 = 1"KP ) (6)

1|t tlt—1>

forr=1,...,T, where 2" = (1 = I"H'X? . + 1Py, P =1 - 1"AH' P H+ 1P and,

tt— 1= z\t 1 t\t 1= tt—1

X = Elxilz,..., 2 L
s, t=1,...,T.

20 = covlxilzn. ... 7).

All the values have the superscript / in order to distinguish between the Kalman filter with the
observation at ¢t = h and without it. Of course, for <A, x,lt) , = X;—1. Note that for ¢t = A,
vi‘g’)l = 1. Second, we use the FPS algorithm to obtain the interpolated value, that can be derived
as follows. Consider the augmented process y, = [x, x¢]’, such that, x¢ = x¢_, and x} = x;, with

state-space form given by

X; F 0] [Xx—1 G
+ U,
X 0 I|[xt, 0"
i X i
z,=[(1—1§”)H/ 0} 1P,
xt

Now, applying the Kalman filter to the augmented process y,, for t>h, with the initial
condition 23, | = 2§1|h , and the FPS works as follows (see Gomez and Maravall (1994) for more

details):
K¢ =(1— 1", _YH@ )™,

t)t—1

() _ (h) (h)
xh\z tlt 1+K“(z, tlt 1)

h I 7
Z§z|; = 2513 1 (1- ))Zm 1H(K?)/»

D=2 (F - (- IM"YFKP HY (7)

(h) (h) (h) (h)
We note that for # = £, the FPS glves K}t =0, xh‘lh = Xpph—1> Zpp = Zhlzh pand 25, = ZZM F
The interpolated value for z; is zth =H /xth and the corresponding interpolated error is given by

h
ip=2zp— 251‘)]"7 ®)

with E[i}] = o*(H 2§ H).
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3. A relationship between prediction and interpolation errors in ARMA processes

In this section, we analyze the relationship between interpolation and prediction errors and
obtain an expression for the prediction error in terms of the interpolation errors. This relationship
allows us to obtain the covariance matrix of the interpolation errors. We also show that the
parameter values which minimize the sum of squares of the standardized one-step ahead
prediction errors are the same as that which minimize the sum of squares of the standardized
interpolation errors. This main result is summarized in the following theorem:

Theorem 1. Let z=(zy,...,z7) be a time series generated by the stationary and invertible
ARMA(p, q) process in (1). Let iy, be the interpolation error of the observation at t = h and let
en, . . ., er be one-step ahead prediction errors assuming that all the observations are known. Then, iy
can be written as follows:

. h I/ h
i = Cﬁl )eh + C;l:)_leh+] +--- 4+ C(Tl)er, 9)

(h)

where the coefficients ¢, ..., c(}') are given by

T T
W =1-H S K = _H/<Kg_ > K?bf’>, t=h+1,...,T, (10)

i=h+1 i=t+1

and the coefficients b, are given by

t—h—i t—h—1
b= HFTK — HF Y KL b= H K~ HF Y KB (1
=1 =
fori=0,...,t—h—1.
Proof. Let,
eﬁh):Zz—Z%)_p t=h+1,...,T (12)

be the prediction errors assuming that observation at ¢ = /4 is missing. The relationships in (7)
provide the following expression for the interpolated value Zgl’)T

I h h I
Z§1|1)T = 22\2171 + H'K,(Zp1 — Z§1Jil|h) +--+ H'K7(zr — Z(T1|)T—l)
and by (8) and (12),
in=ey— HK el — - — HK4e). (13)
(h)

We will obtain an expression of the errors ¢;~ in terms of the prediction errors e, for t>h. For
(12), we have

egh) — (h) (h)

Ze = Zge—1 + 21 — 2y = et Zge-l = 2y

Using the Kalman filters in (4) and (6), it can be shown that
Zoio1 — zg’,)_l = H'F™"Kyep + HF™" " (Kpp1ens1 — Ki'l)lei'?l)

+o+ HF(K e — K el ),
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and, therefore,
egﬁ) — H/FlfhKheh + H/Ftihil(K]H_]E}H_] ngile;lhil) 4ot H/F(Kt—lel—l _ K(h)legh)l) + e;.
(14)

(") in terms of

h+1 —

Consequently, starting from e *)

ep,...,e as:

= ep.1 + H' FKe;,, we obtain the values of ¢;

¢’ = e+ b e+ + blen,
where the coefficients b; are obtained recursively from (13) and (14), and are given by,
t—h—i 1—h—1
P = HF™"K, —HF Y Kbt b =HF"K,—HF Y  Kj b
=1 =1
fori=0,...,t—h— 1, which shows (9) with the coefficients in (10).

Some consequences are as follows. First, E[i;] = 0. Second, the variance of i, is given by

2
var(iy) = EG2) = E (Z e ) = ¢’ Z(cﬁ”)) Vi1

t=h t=h

Third, if m> h, then,

cov(ip, iy) = 0° Z c(h) 5’”) %\z -

Let e = (ey,...,er) and i = (i1,...,ir) be the vectors of prediction and interpolation errors.
The vector e has a diagonal covariance matrix X, with elements o vflt »t=1,...,T. The vectors
e and i are related by i = Ce, where C is an upper triangular 7" x 7 matrix w1th elements =V,
u,v=1,...,T. Consequently, the covariance matrix of i is X; = CX,C’, and taking into account

that i = Ce, we also have that
X7V = (Ce)(CZ,C) N (Ce) =2 e
As a consequence, the parameters that minimize the sum of squares of standardized
interpolation errors, i’Zi‘li, are the ML estimates, that is the parameters which minimize the
sum of squares of standardized prediction errors, e’Ze’le. As a by-product, we get that,
o'z e _ o'z t)
o(gy,...¢,,01,...,04,0%) O(¢y,...¢,,01,...,04,0%)

4. Ilustration

As an illustration, consider an stationary AR(1) model with zero mean and autoregressive
parameter ¢. Running the Kalman filter for a realization of this process, z = (zy, ..., z7), with
initial conditions X9 = xpp =0 and Xy, = X0 = (1 — ¢2)_1, we get the prediction errors ¢ =
(e1,....er) and their conditional variances o°v3y = 6*(1 — ¢°)~' and 6?v?,_| = ¢, 1> 1. Running
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the Kalman filter assuming that the observation ¢ = 4 is missing, and then, the FPS algorithm, we
get,

b t=h, 0 t#h+1,
?+1|z={0 t>h, K7 = 14:/)452 t=h+1,
W dxXp_1 t=h, S _ 1 t=h,
Xnje = ﬁ(zh_ﬁrzhﬂ) t>h, ThrT l_:¢z t>h,

implying that the interpolated value is Z}fll)T =1J;L2(th1 + zp41) with interpolation error

in =z — —25(zh_1 + zp41). From (13) and (11), we get,

1+¢
(1—¢Mer— ey h=1,

i) = ﬁ(bzeh—#ehﬂ h=2,...,T—1, (15)
er h=T,

which gives the variance of i,

2

e h=2,...,T—1,
var(ip) = J;‘/’
o h=1,T,

and the covariances between interpolation errors,

0 = h4+ Lh=1,T -1,

(1+¢?)
. . — _0,2(/) _ . _
cov(ip, ip) T m=h+1,h=2,....,T =2,
0 m>h+1, h=1,...,T,

implying that the interpolation errors are uncorrelated if m — 4> 1. Finally, we show the equality
/27 'i = ¢X e in the case of an AR(1) model. For that, we note that X, can be written as

2
Z.= 02<I+ ¢ > U),
1—¢
where U is a matrix which all its elements are 0 except the (1,1) element that is 1. From (15) we
have that i = Ce where the matrix C has elements,

(1—¢%) (.j)=(1,1),
1 . . .
N e j=02<i<T -1,
cip=4"", |
— J=i+1,2<i<T -1,
(i,)) =(T,T),
0 otherwise.
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As iX7li= ¢ C'(CZ,C)™" Ce, we only need to show that C'(CZ,C")"'C = X;!. For that

¢’ ¢’
Cx.C = Cq? (1 T U) C =d (CC/I T CUC/>
¢’ ¢’
=a’CC <1 + S(C)! UC’) =¢°CC (1 +—— U).
1— 1 —
Therefore,
i N\— 1 1 / ¢2 - N—1 1 / 2 N—1
C(CzC)y C=5C(I+——=U)| (CC)y ' C==CU—-¢"U)C)
o 1 — q’) g
= Lu—pcuceryh=Su-puvy =z
(o (o
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