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Abstract

In this note, we analyze the relationship between one-step ahead prediction errors and interpolation
errors in time series. We obtain an expression of the prediction errors in terms of the interpolation errors
and then we show that minimizing the sum of squares of the one-step ahead standardized prediction errors
is equivalent to minimizing the sum of squares of standardized interpolation errors.
r 2005 Elsevier B.V. All rights reserved.
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1. Introduction

It is well known that the likelihood function of an ARMA(p; q) process can be written in terms
of the one-step ahead prediction errors using the conditional distribution of each observation
given the previous data. This is called the prediction error decomposition. The maximum
likelihood estimate (MLE) of the parameters can be computed by minimizing the concentrated
likelihood function, which depends on the one-step ahead prediction errors. The interpolation
problem consists in the estimation of a missing observation by using the past and future values of
the time series. The interpolator which minimizes the mean-squared error criterion is computed by
the expected value of the observation given the rest of the sample. The interpolation error is the
difference between the interpolated value and the true value of the observation. In the state-space
form of ARMA models, the interpolator is obtained with some smoothing algorithm, such as the
see front matter r 2005 Elsevier B.V. All rights reserved.
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fixed point smoothing (FPS) (see Anderson and Moore, 1979). The aim of this note is to show the
relationship between prediction errors and interpolation errors and to prove that the parameter
values which minimize the mean squared prediction error are the same as those which minimize
the mean-squared interpolation errors. This note is organized as follows. In Section 2 we
introduce the notation and briefly review the FPS algorithm. In Section 3, we first obtain an
expression of the one-step ahead prediction error in terms of the interpolation errors, second we
derive the covariances between interpolation errors and third we show that minimizing the sum of
squares of the one-step ahead standardized prediction errors leads to the same result as
minimizing the sum of squares of the standardized interpolation errors. Section 4 illustrates the
result in the simplest case of a first-order autoregressive process.
2. Kalman filter and fixed point smoothing

Let fztg be a process following a zero mean stationary and invertible ARMA(p; q) model,

fðBÞzt ¼ yðBÞut, (1)

where fðBÞ ¼ 1 � f1B � � � � � fpBp, yðBÞ ¼ 1 � y1B � � � � � yqBq and futg is a sequence of
independent Nð0;s2Þ variables. We denote the vector of ARMA parameters in (1) by b ¼

ðf1; . . . ;fp; y1; . . . ; yqÞ
0 and a sample generated by this process by z ¼ ðz1; . . . ; zT Þ

0, where T is the
sample size. Let Sz be the covariance matrix of z, then the likelihood function is

Lðzjb; s2Þ ¼ ð2pÞ�T=2
jSzj

�1=2 exp �
z0S�1

z z

2

� �
.

Let ztjt�1 ¼ E½ztjzt�1; . . . ; z1� for t ¼ 1; . . . ;T , be the one-step ahead predictions obtained by
minimizing the mean squared errors, where z1j0 ¼ E½z1�, and let et ¼ zt � ztjt�1 be the
corresponding one-step ahead prediction errors with variances E½ðzt � ztjt�1Þ

2
� ¼ s2v2

tjt�1, and
where varðz1Þ ¼ s2v2

1j0. The log-likelihood, ‘ðzjb; s2Þ ¼ log Lðzjb; s2Þ, can be written as

‘ðzjb;s2Þ ¼ �
T

2
log 2ps2 �

1

2

XT

t¼1

log v2
tjt�1 �

1

2s2

XT

t¼1

e2
t

v2
tjt�1

and the MLE of s2 is given by

bs2
MLE ¼

1

T

XT

t¼1

e2
t

v2
tjt�1

(2)

and, using (2), the MLE of b, bbMLE, maximizes the concentrated log-likelihood given by

SðbÞ ¼
1

T

XT

t¼1

log v2
tjt�1 þ log

XT

t¼1

e2
t

v2
tjt�1

 !
.
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The state-space representation for ARMAðp; qÞ models proposed by Jones (1980) is obtained by
defining r ¼ maxfp; q þ 1g, with

zt ¼ H 0xt,

xt ¼ Fxt�1 þ Gut, ð3Þ

where H ¼ ð1; 0; . . . ; 0Þ0, xt ¼ ðzt; ztþ1jt; . . . ; ztþr�1jtÞ
0, G ¼ ð1;c1; . . . ;cr�1Þ

0, and

F ¼

0 1 0 � � � 0

..

. ..
. ..

. . .
. ..

.

..

. ..
. ..

. ..
.

0

0 0 0 � � � 1

fr fr�1 fr�2 � � � f1

266666664

377777775,

where cðBÞ ¼ fðBÞ�1yðBÞ ¼ 1 þ
P1

i¼1 ciB
i, and ztþjjt ¼ E½ztþjjzt; . . . ; z1� with E½ðztþj � ztþjjtÞ

2
� ¼

s2v2
tþjjt. With this representation, the Kalman filter computes the log-likelihood through the

recursions

xtjt�1 ¼ Fxt�1jt�1,

Stjt�1 ¼ FSt�1jt�1F 0 þ Q,

Kt ¼ Stjt�1Hðv2
tjt�1Þ

�1,

xtjt ¼ xtjt�1 þ Ktðzt � ztjt�1Þ,

Stjt ¼ ðI � KtH
0ÞStjt�1, ð4Þ

for t ¼ 1; . . . ;T , where ztjt�1 ¼ H 0xtjt�1, v2
tjt�1 ¼ H 0Stjt�1H, Q ¼ GG0 and,

xtjs ¼ E½xtjz1; . . . ; zs�;

s2Stjs ¼ cov½xtjz1; . . . ; zs�:
s; t ¼ 1; . . . ;T .

The initial conditions are x1j0 ¼ x0j0 ¼ 0 and s2S1j0 ¼ s2S0j0 ¼ covðx0Þ and s2 is estimated with
(2). Now, suppose that we want to interpolate the observation at time t ¼ h. The interpolated
value, E½zhjzðhÞ� ¼ z

ðhÞ
hjT , where zðhÞ ¼ fzi : i ¼ 1; . . . ;T ; iahg is obtained in two steps. First, we

assume that the value zh is missing and compute the estimation of the state variables with the
Kalman filter under this condition. Second, we compute the interpolated value by going
backwards with the FPS algorithm. The situation in which zh is not observed can be represented
by the state-space model,

zt ¼ ð1 � I
ðhÞ
t ÞH 0xt þ I

ðhÞ
t wt,

xt ¼ Fxt�1 þ Gut, ð5Þ
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where I
ðhÞ
t is a dummy variable such that I

ðhÞ
t ¼ 0, tah and I

ðhÞ
h ¼ 1 and wt represents independent

Nð0; 1Þ variables, independent of zh. The Kalman filter applied to this situation is given by

x
ðhÞ
tjt�1 ¼ Fx

ðhÞ
t�1jt�1,

SðhÞ
tjt�1 ¼ FSðhÞ

t�1jt�1F 0 þ Q,

K
ðhÞ
t ¼ ð1 � I

ðhÞ
t ÞSðhÞ

tjt�1Hðv
2;ðhÞ
tjt�1Þ

�1,

x
ðhÞ
tjt ¼ x

ðhÞ
tjt�1 þ K

ðhÞ
t ðzt � z

ðhÞ
tjt�1Þ,

SðhÞ
tjt ¼ ðI � ð1 � I

ðhÞ
t ÞK

ðhÞ
t H 0ÞSðhÞ

tjt�1, ð6Þ

for t ¼ 1; . . . ;T , where z
ðhÞ
tjt�1 ¼ ð1 � I

ðhÞ
t ÞH 0x

ðhÞ
tjt�1 þ I

ðhÞ
t wt, v

2;ðhÞ
tjt�1 ¼ ð1 � I

ðhÞ
t ÞH 0SðhÞ

tjt�1H þ I
ðhÞ
t , and,

x
ðhÞ
tjs ¼ E½xtjz1; . . . ; zs�

SðhÞ
tjs ¼ cov½xtjz1; . . . ; zs�:

s; t ¼ 1; . . . ;T .

All the values have the superscript h in order to distinguish between the Kalman filter with the
observation at t ¼ h and without it. Of course, for toh, x

ðhÞ
tjt�1 ¼ xtjt�1. Note that for t ¼ h,

v
2;ðhÞ
hjh�1 ¼ 1. Second, we use the FPS algorithm to obtain the interpolated value, that can be derived

as follows. Consider the augmented process yt ¼ ½x0
t xa0

t �
0, such that, xa

t ¼ xa
t�1 and xa

h ¼ xh with
state-space form given by

xt

xa
t

" #
¼

F 0

0 I

" #
xt�1

xa
t�1

" #
þ

G

0

" #
ut,

zt ¼ ð1 � I
ðhÞ
t ÞH 0 0

h i xt

xa
t

" #
þ I

ðhÞ
t wt.

Now, applying the Kalman filter to the augmented process yt, for tXh, with the initial
condition Sa

hjh�1 ¼ SðhÞ
hjh�1 and the FPS works as follows (see Gómez and Maravall (1994) for more

details):

Ka
t ¼ ð1 � I

ðhÞ
t ÞðSa

tjt�1Þ
0Hðv

2;ðhÞ
tjt�1Þ

�1,

x
ðhÞ
hjt ¼ x

ðhÞ
tjt�1 þ Ka

t ðzt � z
ðhÞ
tjt�1Þ,

SðhÞ
hjt ¼ SðhÞ

hjt�1 � ð1 � I
ðhÞ
t ÞSa

tjt�1HðKa
t Þ

0,

Sa
tþ1jt ¼ Sa

tjt�1ðF � ð1 � I
ðhÞ
t ÞFK

ðhÞ
t H 0Þ

0. ð7Þ

We note that for t ¼ h, the FPS gives Ka
h ¼ 0, x

ðhÞ
hjh ¼ x

ðhÞ
hjh�1, SðhÞ

hjh ¼ SðhÞ
hjh�1 and Sa

hþ1jh ¼ Sa
hjh�1F 0.

The interpolated value for zh is z
ðhÞ
hjT ¼ H 0x

ðhÞ
hjT and the corresponding interpolated error is given by

ih ¼ zh � z
ðhÞ
hjT , (8)

with E½i2h� ¼ s2ðH 0SðhÞ
hjT HÞ.
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3. A relationship between prediction and interpolation errors in ARMA processes

In this section, we analyze the relationship between interpolation and prediction errors and
obtain an expression for the prediction error in terms of the interpolation errors. This relationship
allows us to obtain the covariance matrix of the interpolation errors. We also show that the
parameter values which minimize the sum of squares of the standardized one-step ahead
prediction errors are the same as that which minimize the sum of squares of the standardized
interpolation errors. This main result is summarized in the following theorem:

Theorem 1. Let z ¼ ðz1; . . . ; zT Þ
0 be a time series generated by the stationary and invertible

ARMA(p; q) process in (1). Let ih be the interpolation error of the observation at t ¼ h and let

eh; . . . ; eT be one-step ahead prediction errors assuming that all the observations are known. Then, ih

can be written as follows:

ih ¼ c
ðhÞ
h eh þ c

ðhÞ
hþ1ehþ1 þ � � � þ c

ðhÞ
T eT , (9)

where the coefficients c
ðhÞ
h ; . . . ; cðhÞT are given by

c
ðhÞ
h ¼ 1 � H 0

XT

i¼hþ1

Ka
i bh

i c
ðhÞ
t ¼ �H 0 Ka

t �
XT

i¼tþ1

Ka
i bh

i

 !
; t ¼ h þ 1; . . . ;T , (10)

and the coefficients bs
t are given by

bhþi
t ¼ H 0Ft�h�iKh � H 0F

Xt�h�i

j¼1

K
ðhÞ
hþjb

hþi
hþj; bh

t ¼ H 0Ft�hKh � H 0F
Xt�h�1

j¼1

K
ðhÞ
hþjb

hþi
hþj, (11)

for i ¼ 0; . . . ; t � h � 1.

Proof. Let,

e
ðhÞ
t ¼ zt � z

ðhÞ
tjt�1; t ¼ h þ 1; . . . ;T (12)

be the prediction errors assuming that observation at t ¼ h is missing. The relationships in (7)
provide the following expression for the interpolated value z

ðhÞ
hjT :

z
ðhÞ
hjT ¼ z

ðhÞ
hjh�1 þ H 0Ka

tþ1ðzhþ1 � z
ðhÞ
hþ1jhÞ þ � � � þ H 0Ka

T ðzT � z
ðhÞ
T jT�1Þ

and by (8) and (12),

ih ¼ eh � H 0Ka
tþ1e

ðhÞ
hþ1 � � � � � H 0Ka

T e
ðhÞ
T . (13)

We will obtain an expression of the errors e
ðhÞ
t in terms of the prediction errors et, for t4h. For

(12), we have

e
ðhÞ
t ¼ zt � ztjt�1 þ ztjt�1 � z

ðhÞ
tjt�1 ¼ et þ ztjt�1 � z

ðhÞ
tjt�1.

Using the Kalman filters in (4) and (6), it can be shown that

ztjt�1 � z
ðhÞ
tjt�1 ¼ H 0Ft�hKheh þ H 0Ft�h�1ðKhþ1ehþ1 � K

ðhÞ
hþ1e

ðhÞ
hþ1Þ

þ � � � þ H 0F ðKt�1et�1 � K
ðhÞ
t�1eh

t�1Þ,
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and, therefore,

e
ðhÞ
t ¼ H 0Ft�hKheh þ H 0Ft�h�1ðKhþ1ehþ1 � K

ðhÞ
hþ1e

ðhÞ
hþ1Þ þ � � � þ H 0F ðKt�1et�1 � K

ðhÞ
t�1e

ðhÞ
t�1Þ þ et.

(14)

Consequently, starting from e
ðhÞ
hþ1 ¼ ehþ1 þ H 0FKheh, we obtain the values of e

ðhÞ
t in terms of

eh; . . . ; et as:

e
ðhÞ
t ¼ et þ bt�1

t et�1 þ � � � þ bh
t eh,

where the coefficients bs
t are obtained recursively from (13) and (14), and are given by,

bhþi
t ¼ H 0Ft�h�iKh � H 0F

Xt�h�i

j¼1

K
ðhÞ
hþjb

hþi
hþj; bh

t ¼ H 0Ft�hKh � H 0F
Xt�h�1

j¼1

K
ðhÞ
hþjb

hþi
hþj,

for i ¼ 0; . . . ; t � h � 1, which shows (9) with the coefficients in (10).

Some consequences are as follows. First, E½ih� ¼ 0. Second, the variance of ih is given by

varðihÞ ¼ Eði2hÞ ¼ E
XT

t¼h

c
ðhÞ
t et

 !2
24 35 ¼ s2

XT

t¼h

ðc
ðhÞ
t Þ

2v2
tjt�1.

Third, if m4h, then,

covðih; imÞ ¼ s2
XT

t¼m

c
ðhÞ
t c

ðmÞ
t v2

tjt�1.

Let e ¼ ðe1; . . . ; eT Þ
0 and i ¼ ði1; . . . ; iT Þ

0 be the vectors of prediction and interpolation errors.
The vector e has a diagonal covariance matrix Se with elements s2v2

tjt�1, t ¼ 1; . . . ;T . The vectors
e and i are related by i ¼ Ce, where C is an upper triangular T � T matrix with elements cuv ¼ c vð Þ

u ,
u; v ¼ 1; . . . ;T . Consequently, the covariance matrix of i is Si ¼ CSeC

0, and taking into account
that i ¼ Ce, we also have that

i0S�1
i i ¼ ðCeÞ0ðCSeC

0Þ
�1
ðCeÞ ¼ e0S�1

e e.

As a consequence, the parameters that minimize the sum of squares of standardized
interpolation errors, i0S�1

i i, are the ML estimates, that is the parameters which minimize the
sum of squares of standardized prediction errors, e0S�1

e e. As a by-product, we get that,

qðe0S�1
e eÞ

qðf1; . . .fp; y1; . . . ; yq; s2Þ
¼

qði0S�1
i iÞ

qðf1; . . .fp; y1; . . . ; yq;s2Þ
.

4. Illustration

As an illustration, consider an stationary AR(1) model with zero mean and autoregressive
parameter f. Running the Kalman filter for a realization of this process, z ¼ ðz1; . . . ; zT Þ

0, with
initial conditions x1j0 ¼ x0j0 ¼ 0 and S1j0 ¼ S0j0 ¼ ð1 � f2

Þ
�1, we get the prediction errors e ¼

ðe1; . . . ; eT Þ
0 and their conditional variances s2v2

1j0 ¼ s2ð1 � f2
Þ
�1 and s2v2

tjt�1 ¼ s2, t41. Running
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the Kalman filter assuming that the observation t ¼ h is missing, and then, the FPS algorithm, we
get,

Sa
tþ1jt ¼

f t ¼ h;

0 t4h;

(
Ka

t ¼

0 tah þ 1;

f
1þf2 t ¼ h þ 1;

8<:
x
ðhÞ
hjt ¼

fxh�1 t ¼ h;

f
1þf2 ðzh�1 þ zhþ1Þ t4h;

8<: SðhÞ
hjt ¼

1 t ¼ h;

1
1þf2 t4h;

8<:
implying that the interpolated value is z

ðhÞ
hjT ¼

f
1þf2 ðzh�1 þ zhþ1Þ with interpolation error

ih ¼ zh �
f

1þf2 ðzh�1 þ zhþ1Þ. From (13) and (11), we get,

ih ¼

ð1 � f2
Þe1 � fe2 h ¼ 1;

1
1þf2 eh �

f
1þf2 ehþ1 h ¼ 2; . . . ;T � 1;

eT h ¼ T ;

8>><>>: (15)

which gives the variance of ih,

varðihÞ ¼

s2

1þf2 h ¼ 2; . . . ;T � 1;

s2 h ¼ 1;T ;

8<:
and the covariances between interpolation errors,

covðih; imÞ ¼

�s2f
ð1þf2

Þ
m ¼ h þ 1; h ¼ 1;T � 1;

�s2f
ð1þf2

Þ
2 m ¼ h þ 1; h ¼ 2; . . . ;T � 2;

0 m4h þ 1; h ¼ 1; . . . ;T ;

8>>><>>>:
implying that the interpolation errors are uncorrelated if m � h41. Finally, we show the equality
i0S�1

i i ¼ e0S�1
e e in the case of an AR(1) model. For that, we note that Se can be written as

Se ¼ s2 I þ
f2

1 � f2
U

� �
,

where U is a matrix which all its elements are 0 except the (1,1) element that is 1. From (15) we
have that i ¼ Ce where the matrix C has elements,

Cði; jÞ ¼

ð1 � f2
Þ ði; jÞ ¼ ð1; 1Þ;

�f ði; jÞ ¼ ð1; 2Þ;
1

1þf2 j ¼ i; 2pipT � 1;

�
f

1þf2 j ¼ i þ 1; 2pipT � 1;

1 ði; jÞ ¼ ðT ;TÞ;

0 otherwise:

8>>>>>>>>>><>>>>>>>>>>:
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As i0S�1
i i ¼ e0C0ðCSeC

0Þ
�1Ce, we only need to show that C0ðCSeC

0Þ
�1C ¼ S�1

e . For that

CSeC
0 ¼ Cs2 I þ

f2

1 � f2
U

� �
C0 ¼ s2 CC0I þ

f2

1 � f2
CUC0

� �
¼ s2CC0 I þ

f2

1 � f2
ðC0Þ

�1UC0

� �
¼ s2CC0 I þ

f2

1 � f2
U

� �
.

Therefore,

C0ðCSeC
0Þ
�1C ¼

1

s2
C0 I þ

f2

1 � f2
U

� ��1

ðCC0Þ
�1C ¼

1

s2
C0ðI � f2UÞðC0Þ

�1

¼
1

s2
ðI � f2C0UðC0Þ

�1
Þ ¼

1

s2
ðI � f2UÞ ¼ S�1

e .
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