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Abstract

This paper analyzes the effect of overdiﬂerencing astationary AR(p—I— 1) process whose largest root
is near unity. It is found that if the process is nearly nonstationary, the estimators of the overdifferenced
model ARIMA ®; 1, 0) are root~1" consistent. It is also found that this misspecified ARIMA ®; 1, 0) has
lower predictive mean squared error, to terms of small order, than the properly specified AR(p + 1)
model due to its parsimony. The advantage of the overdifferenced predictor depends on the remaining

roots, the prediction horizon, and the mean of the process.
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1 Introduction

In this paper, we investigate the consequences in estimation and prediction of overdifferencing a station-
ary AR(p+1) with a root close to unity. Differencing is normally used to transform a homogeneous linear
nonstationary time series into a stationary process that is often modeled as an ARMA(p, q) process. It
is said, then, that the original series follows an ARIMA(p,d, q) process, where d is the number of differ-
ences required to obtain stationarity. We assume that the process is not a long memory process (see, for
instance, Granger & Joyeux, 1980) and, thus, d is an integer equal to the number of unit roots in the
autoregressive characteristic equation. When a stationary process has an autoregressive characteristic
equation with a root close to unity it is said to be nearly nonstationary. Given a small or moderate
sample of this process, it is very likely to conclude, due to the low power of unit roots tests in this case,
that a difference should be applied. The differenced series will be noninvertible and the process is called

overdifferenced.

Since the work of Fuller (1976) and Dickey & Fuller (1979), there has been a vast literature concerning
the detection of unit roots in autoregressive polynomials. This literature notes the difficulty of a correct
detection in near nonstationary processes. In spite of this, relatively little has been written on the conse-
quences of a wrong detection. Previous work on the effect of overdifferencing can be found in Plosser &
Schwert (1977, 1978), Harvey (1981), Campbell & Perron (1991), and Stock (1996). Plosser & Schwert
(1977) examine, using Monte Carlo techniques, the effect of overdifferencing in two cases: processes with
a deterministic linear trend and stochastic regression models. They conclude that, in these situations,
the loss in efficiency on both parameter estimation and prediction is not substantial, provided an MA
parameter is included. Harvey (1981), assuming known parameters, also concludes that overdifferencing
does not need to have serious implications for prediction, provided a finite sample prediction procedure

is used and an MA parameter is included. Campbell & Perron (1991) and Stock (1996) compare, using



simulations by Monte Carlo, the prediction accuracy of an AR(1) and a random walk. The empirical
results of these authors show that the random walk can produce forecasts with lower prediction mean

squared error (PMSE) than the AR(1) if the root is close to unity.

In this paper, we justify theoretically the advantages of the overdifferenced predictor, found empirically
by Campbell & Perron (1991) and Stock (1996), in a general autoregression and analyze the effect of
other factors like the remaining roots, sample size (1'), and horizon (H). We will assume that a root of
the AR(p + 1) is close to unity and, thus, we will adopt as a more plausible overdifferenced predictor the

ARIMA(p,1,0) model, where no MA component is involved.

We will prove that the PMSE of the overdifferenced model ARIMA(p,1,0) is lower, to terms of small
order, than the PMSE of the correct model AR(p + 1) if the root that is closer to unity, p=!, follows
p =exp(—c/TP); > 1. The advantage of the overdifferenced predictor is due to its parsimony. There-
fore, it is larger if the AR(p + 1) process has a non-zero mean, since it will vanish in the overdifferenced
model. The remaining roots also affect the advantage of the overdifferenced predictor. Positive roots
increase the advantage of the overdifferenced model, whereas negative roots have the opposite effect. The

advantage of the overdifferenced model is small in the short term, but can increase with the horizon.

An important consequence of these results is that, for forecasting purposes, it is better to overdifferen-
tiate than to underdifferentiate. Therefore, the possible low power of unit root tests in autoregression

is not as important in forecasting as in model identification, since we can still obtain an efficient predictor.

This paper is organized as follows. In Section 2 we introduce the model and notation. In Section 3 we

define nearly nonstationary processes. The consequences of overdifferencing in estimation are analyzed



in section 4, and the effect on the PMSE for each predictor in section 5. In Section 6 we compare the
PMSE of the competing models and extract further results from the AR(1) case. A simulation study is

presented in section 7 to illustrate the results.

2 The model and notation

Let {y:} be the following stationary AR(p + 1) process:

o(B)y: = ¢(B)(1 = pB)y: = a + ay, (2.1)

where B is the backshift operator; ¢(B) = (1 — Zp+11 ©;B") is a polynomial operator on B such that

1=

©(B) = 0 has all its roots outside the unit circle, with p=! being the closer to unity root. Let a; be a
sequence of independent identically distributed random variables with zero mean and variance o?. Let

i = E(y¢); then o = pp(1). We make the following assumption:

Al. For some sg > 2, E{|a:]*°} < o0.

It is well known that this model can be represented in first-order vector autoregressive form as follows:
Yi= AVt 4 Uppios (2.2)

with Y; = (Y4, ooy Yt—p> 1), Ut pr2 = (a4, 0,...,0)’, where the subindex (p + 2) indicates the dimension of



the vector and

Y1 P2 Pp Ppi1 @

1 0 0 0 0

0 1 0 0 0
A, =

0 0 1 0 0

0 0 0 0 1

Then y; = €, ,,Ys, with ep0 = (1,0,...,0)". Let I'y = E(Y;Y/) and vy, = E(Yiys41). If we represent the
process in deviations from the mean, we obtain f@ = Aofft_l + Ui py1, where f@ = (Ut Jt—1s o> Jt—p)’s
e = y: — pt, and A, is the first (p+ 1) x (p + 1) submatrix of A,. We will also denote T'y; = E(Y;Y/). If

a difference is applied to y,, the series obtained, w; = (1 — B)y;, can be represented as
S(BY(1— pByw, = (1 - By (2.3)
which is noninvertible. The process w; has the following vector representation (Liitkepohl, 1991, p. 223)
Zy= MZ1 + U pyas (24)
with Z, = (W], ar)', Wy = (we, .oy wip)', UF 1o = (@4, 0,...,0,a,), and

A, —e
p+1
A =

with w; = €;+1Zt- Let I'y, = E(WW/) and v, = F(Wuawy1). In what follows, we will use the hat
symbol (6) to denote estimates from a sample of the overdifferenced process {w;} and the check symbol
(0) for estimates from a sample of the original process {y,}. The least squares estimator of the AR(p+1)

parameter vector ¢ = (1, ..., ¢p+1, @), fitted to a sample of size T of the original process, is ¢ = F;l’yy,



where T'y = (T —p—1)"" Z;F:_pl_l_l Y;Y!and 4, = (T —p—1)~" Z;F:_pl_l_l Y;y;4+1. Similarly, the least squares
estimator of the parameter vector ¢ = (¢1,...,¢,) of a misspecified AR(p), fitted to a sample of size
T — 1 of the overdifferenced process (2.3), is o = f;lfyw, where ', = (T —p—1)71 Z;F:_pl_l_l W;W! and

A = (T —p—1)71 Z;F:_pl_l_l Wiw;11. We also make the following assumptions, where || - || denotes the

Fuclidean norm:

A2, E(||T;Y[?%) (k = 1,2, ..., ko) is bounded for all finite and sufficiently large T and some kg.

A3 E(|ITZY?%) (k= 1,2, ..., ko) is bounded for all finite and sufficiently large 7' and some ko.

Assumptions A2 and A3 are similar to assumption A3 of Kunitomo & Yamamoto (1985). They are
also equivalent to assumption A3 of Bhansali (1981). It should be noted that they are satisfied if the
distribution is normal (see Fuller & Hasza, 1981). These assumptions are needed in several parts of this
work, especially in application to the results of Kunitomo & Yamamoto (1985) and Bhansali (1981).
They imply that, for a large enough sample size, the estimation of the covariance matrices are sufliciently

near the true values (Bhansali, 1981, p. 590).

3 Nearly nonstationary autoregressions

A process is said to be nearly nonstationary (near integrated) if its autoregressive characteristic equation

has a root, p~!

, very close to unity. If p is close enough to unity, the term (1 —pB)in (2.3) will be similar
to (1 — B). Therefore, although the overdifferenced process wy is strictly a noninvertible ARMA(p+1,1),

an average correlogram of w; will suggest estimating by an AR(p) instead.

The similarity between w; and a true AR(p) process does not only depend on p but it is influenced



by the remaining roots. In order to see this point, let 7; be the coefficients of the polynomial 7(B) =

(1 —m B —mB%— .-}, where o(B) = 7(B)(1 — B). These coeflicients follow

: —1)(1 -yt if j<p,
. o+ (p—1)( =1 Ok) il j<p (3.1)

(p = D(1 = =1 P) if j>p,
with ¢ = 0if k < 1. If we denote as 7‘2»_1, i=1,...,p, to the roots of the characteristic equation ¢(B) = 0,

then
P

(1 - zp: qbk) = [T = r). (3.2)
k=1 =1

Therefore, negative values of r; increase the value of 7;, 7 > p, and decrease the similarity of w; and an

AR(p).

Thus, the definition of a nearly nonstationary process needs, (1) a parameterization that converges to
the unit root with the sample size and (2) a constant term that can reflect the influence of the remaining
roots in finite samples. Phillips (1987) and Chan & Wei (1987) define nearly nonstationary process for
the AR(1) case by reparameterizing p = exp(—¢/T) =1 —¢/T + o(T™'), where c is a fixed constant. In
this definition, the convergence rate to unity is fixed to be O(T~!). These authors use this definition to
provide asymptotic theory for the estimation of p. The formulation is justified by Phillips (1987) because
this is the order of consistency of the least squares estimator, and by Chan & Wei (1987) because this is
the order of the observed Fisher information of p under normality. In order to analyze the consequences

of overdifferencing with different convergence rates we will define p as

p = exp (—%) , (3.3)

with ¢ and 3 being fixed constants. We deal only with stationary processes, and hence ¢, > 0. Time
series generated by (2.1) and (3.3) formally constitute a triangular array of the type{y,r : t = 1, ..., 15T =

1,2,...}. Since this formulation is not essential in this paper, we will still use the notation {y;} to refer



to this process. It has to be noted that, since a = E(y;)(1 — p)¢(1), the process has no constant term if
p=1

Given a sample from a process generated by (2.1) and (3.3), the analyst has to decide whether to estimate
p or to impose the value p = 1. By the properties of least squares estimators it can be proved that the
least squares estimator of p satisfies p = p + O, {T_(ﬁ"'l)m}, whereas imposing unity has the property
1 =p+0O(T~F). Then, for § > 1, the convergence rate when imposing unity is faster than estimating by
least squares. This result helps to understand why processes with g > 1 are, for some purposes, better

modeled in differences.

4 Properties of estimators in the overdifferenced process

4.1 Root-T consistency

Let {wtlp} be the true AR(p) process qb(B)wtlp = as. This process follows the Markovian representation
thp = Ath_llp + Uip. The p X p matrix A, has the same structure than A, with the coefficients

(¢1,...,¢p) in the first row and thp = (wtlp’ ey Wyt lp)’. Then, from (2.3),

th(b_l(B){l— %}at:wtw—iz@'(l—p)zt_l_j, (4.1)

where 1; are the coefficients of ¢~1(B), and (1 — pB)z; = a;. Let us denote Lyp = E(thth’ ) and

Yup = E(thpwH_l lp)' We define the sampling autocovariances as fwlp =(T-p-1)~1 Z;F:_pl_l_l lepW]{lp,

fywlp =(T-p-1)7t Z;F:_pl_l_l lepwj_l_l P> and also make the following assumption:

A4E(||f;1p||2k) (k=1,2,...,ko) is bounded for all finite and sufficiently large T" and some k.

The distance between the sampling second-order moments of w; and Wep is determined in the following



theorem.

Theorem 1 Let {w:} be the process (23’) and let wy,...,wr be a sample from this process. Let p be

defined as in 3.3 with 8 < 1, then

(a) Ty = Ty + 0,(T77);

)

(b) Fuw = Fup + Op(T72).

See proof in Appendix B. Since Wep is a stationary process, then ’ywlp = Twp + Op(T_%). Applying this

result and theorem 1, the following corollary holds.

Corollary 1 Assume the conditions of theorem 1 hold, then

(a) Doy =T+ 0p(T77);
(b) Fu = Yup + Op(T73).

We can now prove root~T" consistency of (iﬁ See proof in Appendix B.

Theorem 2 Assume the conditions of theorem 1, then

9% = (,b + Op(T_%)'

4.2 Bias and mean squared error

Let (z)lp be the least squares estimator of ¢ from a sample from a true AR(p) process. The bias and
mean squared error (MSE) of this estimator, of a properly specified autoregression, have widely been
investigated (see, for instance, Bhansali, 1981; Kunitomo & Yamamoto, 1985; Shaman & Stine, 1988; and

references therein). Since the similarity between the estimator (}:’), of the ARIMA(p+ 1,1, 1) misspecified



as an AR(p), and (}:’)lp depends on the near nonstationarity hypothesis, we will express their differences
in terms of p. The following theorems formulate the first and second order moments of the least squares
estimator (iﬁ around the true parameter ¢ as the respective moments of (}:’)lp plus an error term depending

on p.
Theorem 3 Assume Al (with s, = 8), A2, A3, and A4. Then

B6-0)- oy -0+ 0{ (172) ). (1:2)

The proof is in Appendix B. Since (1 — p)/(1 + p) = O(T7F) and given that E(éﬁlp —¢) = 0(T™h
(see, for instance, Bhansali, 1981) we need a value 5 > 2 for the biases to be equal up to terms of order

O(T™1), whereas for root-T consistency we only need 3 > 1.

Theorem 4 Assume Al (with s, = 8), A2, A3, and A4. Then

E{(® - 8)(b - 61} = E(d, ~ 6)(d, ~ 61} +0 [m{ (52) % ﬁ—ﬁ}

See proof in Appendix B. We can see from this theorem that the MSE’s are closer to each] other than

the biases. If p is such that 3 > 1 then both expressions for the MSE are equal up to terms O(T~1).

5 Mean squared error of H-steps ahead prediction

In this section, we obtain the mean squared error of predicting yrypg form ¢ = T. The PMSE of a

properly specified autoregression is (see, for instance, Kunitomo & Yamamoto, 1985)

2H1H1

PMSE(jrn) = o Z p+2A ept2)’ + = Z Z p+2A ept2)(€ ;+2A’;ep+2) (5.1)
h=0 k=0

Xtr (A{j_l_hfyA’aH_l_kF; ) +0(1r70),

In order to compare the PMSE of the AR(p+1) model (PMSE(g74p)) with the PMSE of the misspecified

ARIMA(p,1,0) model (PMSE(§74x)) this expression is, however, inconvenient. We will rewrite the



estimated H-steps ahead predictions in terms of their estimated increments (w; and wy, respectively).

Hence, PMSE(Jr4r) = Shey PMSE(dr4s)+2 550 ki E{(wrin — wrgn)(wris — Wrik)}, where

Wy = §¢ — Ye—1. A similar expression applies for PMSE(§74m) .

5.1 PMSE of the properly specified AR(p+1) predictor

Let A, be the least squares estimator of A, using the properly specified model (2.2). The estimated

increment w4y defined as a function of the estimated coefficients A, is
Wi = €y AL (Ag — Lyya)VT, (5.2)
where [, is the identity matrix. The observed value wryy, is
Wrph = €y AL (Ao — Ly)Yr + Ly,

. k h—1 -1
where L, = Ly — Lo, with Iy = Zk 0 €pr2 ASUTh—kpr2, and Ly = 3775 ;9-|-2 UTgh—tpt2-

The PMSE(wryp) and E{(wr4p — wryn)(Wrer — wrer)} are shown in the following theorem (see proof
in Appendix C). The assumptions about sp in theorems 5 and 6 are needed in order to apply the results

of Kunitomo & Yamamoto (1985) in the proof of the theorems.

Theorem 5 Let w; follow (23’), where p = exp(—c/TF) and § > 1. Assume A2, A3, A}, and Al with

so = 32 when h = 1,2 and sg = 16h when h > 3. Then

2h 1h-1
PMSE(wr4y) = o Z p_|_2A cpr2)’ + = Z Z (e, AJ ep)
7=0 k=0
X tr (AZ‘I_JFyA’ah_l_kF; ) +o(r3), (5.3)
and, for k> h,
h—1 ) +(k—h)
E{(ryn — wryn)(0rpr — wrir)) = o’ Z(€;+2A§Cp+2)( p+2A Cp+2)
=0
2 k—1 h—1 ) ) |
+— S S (e Aney)(epAbey) x tr (AL, AL 4 O(17), (54)
n=0 =0

10



where cpy9 = (1,0,...,0,1)"

The terms on the right hand side of (5.3) and (5.4) have two components. The first component includes
the variance of the prediction errors and the covariance between prediction errors at different horizons,
respectively, of the noninvertible ARMA(p+ 1,1) process. The second component is the sampling error,

due to the estimation of the p + 2 parameters of the vector ¢.

5.2 PMSE of the overdifferenced ARIMA (p,1,0) predictor.

Assume that we predict wpy), with the predictor derived from the estimated AR(p), that is Wy, =

e;AZWT, where flp is the least squares estimator of A,. Then
brpn = A Wr + €y (A} — ANWr = E(wry,,|T) + ¢, (Ay — A7) Wr.

The true value wyy, is, from (2.4), wryy = €l , AL Zr + Ly, = E(wpyp|T) + Ly. Then the h-steps ahead

prediction error is (wryp — Wrgn) = Ly — e;(flz - AZ)WT — v, where, by (4.1),
h—2 ]
v = E(wrpn — g pl|T) = Z bi(L = p)ergni—j + 3 wi(L = p)p" "z, (5.5)

J=h-1 J=0

The following theorem gives an approximation of order o(7T~!) of the expectation of the lead-h mean

squared prediction error (see proof in Appendix C).

Theorem 6 Let w; follow (23’), where p = exp(—c/TF) and § > 1. Assume A2, A3, A}, and Al with

so = 32 when h = 1,2 and sop = 16h when h > 3. Then

2 h—1h—1
PMSE(wr4rn) = o Z p_|_2Alcp_|_2 + — Z Z (e, AJ (e A];ep)

7=0 k=0

xtr(Ah 1D, AL krwrp) +o(T™), (5.6)
and, for k> h,
h—1 ' o)
E{(irin = wrn) (@1 — wrer)} = 02 Y (€ppaAicpra)(€ppad] Cpt2)
=0

11



-I-% Z Z(e;A;ep)(e;A;ep) X tr (Az_l_ifwlpA];_l_”Fw lpp_l) +o(T™H), (5.7)

where cpy9 = (1,0,...,0,1)"

The terms on the right hand side of (5.6) and (5.7) have two components. The first one, the variance of
prediction errors and their covariance between different horizons of the true ARIMA(p + 1,1, 1) process,
is the same than in theorem 5. The second one is the sampling error due to the estimation of the p pa-
rameters ¢, in contrast with the estimation of the p+ 2 parameters of the AR(p+ 1) model. It should be
observed that this second component differ from the one on the previous subsection only in the elements

inside the trace operators.

6 Comparing prediction accuracy

In this section, we compare the PMSE’s found in the last section for the two models. We prove that,
under the assumption of near nonstationarity exposed in (3.3), with 3 > 1, overdifferencing may produce
lower PMSE (to terms of small order). The expressions in theorem 5 and theorem 6 reveal that the only
difference between PMSE(g74p) and PMSE(g74+5) is in the elements inside the trace operators. These
traces can be compared using the two following lemmas: lemma 1 compares such a trace in processes
with and without constant term; lemma 2 compares the trace in nearly nonstationary processes with no

constant term and the overdifferenced one. The proofs of these lemmas can be found in Appendix D.
Lemma 1 Let y; follow process (21) Then
tr (AL, AUTTY) =14 i (ALT;AUTTY)
Lemma 2 Let y; follow process (21) with p = exp(—c/T8) and 5 > 1. Then
(AT ASTSY) = pi+i 4 1 (A;rwrp%r;to) +o(T7).

12



Now we can prove the advantage of overdifferencing when the process is nearly nonstationary.

Theorem 7 Let y; follow process (21) with p = exp(—c/T6) and § > 1, and let the conditions of

theorems 5 and 6 hold. Then, for H > 1,
PMSE(j7vm) — PMSE§rn) = vy + o( H*T™Y),

where

52 [ H -1 2 52 [ =1 \ 2
vg = T (Z Z¢]) + T (Z Z %‘ph_l_]) > 0, (6.1)

h=1 3=0 h=1 3=0

with ¥; = (e;Aéep), (=1, )

The proof is a direct application of lemma 1 and lemma 2 to the differences between (5.3) and (5.6) and

between expression (5.7) and (5.4).

Expression (6.1) shows that the advantage of the overdifferenced model can be decomposed into two
parts. The first term at the right side of (6.1) is the result of applying lemma 1 and, therefore, is due
to the MSE of estimating the constant term o in the AR(p + 1) model. The second term is the result
of applying lemma 2 and, then, is due to the MSE of estimating an extra parameter in the AR(p + 1).
Thus, the superior forecasting performance of the model ARIMA(p, 1, 0) is due to its more parsimonious
representation. For H = 1 the difference is 20%/T if a constant is needed, and 0?/T if @ = 0 and no con-
stant is estimated. This result is similar to that of Ledolter & Abraham (1981) for overspecified models,

where they state that each unnecessary estimated parameter increases the one- step ahead PMSE by o%/T.

Although these results are applicable to a general stationary autoregression, it is interesting to analyze
the AR(1) case. First, its simplicity avoids the use of some asymptotic approximations. Second, the

results will not be affected by any other root, as shown in (3.2), and they can be considered as a neutral

13



benchmark. The PMSE of the proper predictor in this case can be evaluated with (5.1), whereas the
PMSE in the overdifferenced model is easily evaluated using as predictor a random walk. The following

remarks summarize the results for both the AR(1) case with no intercept (AR(1)) and with intercept

(AR(L,p))-

Remark 1. Let y,; follow the process y, = pyi—1 + a¢ ,|p| < 1. Then PMSE (§74+1) — PMSE(§r4m) =

Vi | Ar() + O(HQT_%), where

(- 'OH)Q}. (6.2)

VHAR(1) = O { T T 2
Table 1 shows the values of p that make vg AR(1) = 0. Larger values will produce vy AR(1) > 0. These
values of p increase with H. Therefore, as the horizon grows, the process needs to be closer to the
unit root in order to get some gain when differencing. The advantage of overdifferencing tends, then, to
decrease when the horizon is large. It can also be seen that as H — oo the limit of (6.2) is negative.
Then, the advantage of the overdifferenced predictor eventually disappears. If p is close enough to unity,
this will happen at a horizon of no practical interest. This result has an interpretation in terms of the
time reversibility of the true process. Since the process is stationary, its long term prediction is the
unconditional mean, which in this case is known. Therefore, the AR(1) predictor will forecast the long
term with no error, whereas the random walk will not. Manipulating (6.2), we can conclude that, up to

terms of small order, overdifferencing can produce better forecasts if

> ( 2) (6.3)
p>exp| g ) .

This expression can be approximated, omitting the influence of H, as p > exp(—2/T). This value of

¢ = 2 agrees with the empirical work of Stock (1996).

14



Table 1: Values of p to obtain v, AR(1) =0 and vy AR = 0.

AR(1) AR(1,p)
Horizon Horizon
T 1 2 5 10 20 1 2 5 10 20

25 0.923 0.937 0.940 0.951 0.963 0.852 0.862 0.881 0.898 0.913

50 0.961 0.965 0.966 0.970 0.976 0.923 0.926 0.932 0.940 0.948

75 0.974 0.976 0.976 0.978 0.982 0.948 0.949 0.953 0.957 0.962

100 0.980 0.981 0.982 0.983 0.985 0.961 0.962 0.964 0.966 0.970

150 0.987 0.987 0.987 0.988 0.989 0.974 0.974 0.975 0.976 0.978

300 0.993 0.994 0.994 0.994 0.994 0.987 0.987 0.987 0.988 0.988

Remark 2. Let y, follow the process y¢ = a+py,—1+a; ,|p| < 1. Then PMSE (§741)—PMSE(Jrin) =

VH AR (1,) + O(HQT_%), where

H2p2(H—1) N (1-— pH)z (1-— ,OH)Q}‘ (6.4)

_ 2 _
VH|AR (L =09 { T T(l — ,0)2 1 _ ,02

Table 1 shows the values of p that make vy AR(1,,) = 0. From (6.4) it can be verified that the overdiffer-

enced predictor produces better forecasts, up to terms of small order, if

> (L) (6.5)
P> P\ aH ) ‘

that can be simplified as p > exp(—4/7"). In this case, the limit of (6.4) as H — oo is still positive if

p > exp(—2/T).

7 A simulation study

15
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Figure 1: {V, Hy=Vu (H)}/Vy () of model M1 for horizon H =1, ...,30 and sample size T. The values of

p are (from down to top): 0.90, 0.92, 0.94, 0.96, 0.98 ,0.99.

In this section, we illustrate the preceding results with a simulation exercise. We consider three dif-
ferent AR(2) models: M1: (1 — 0.5B)(1 — pB)y; = 10+ a¢; M2: (1 — 0.5B)(1 — pB)y; = ay; and M3:
(14 0.8B)(1— pB)y; = 10+ a4, with p = 0.9, 0.92, 0.94, 0.96, 0.98, 0.99. Sample sizes are T" = 50, 100.
Real series usually have non-zero mean, and models M1 and M3 can illustrate the consequences of overdif-

ferencing in such series. Also, model M2 can arise when in doubt about a second difference.

An important aspect in the simulation exercise is the possibility of obtaining an explosive estimated
predictor. There are two main reasons to avoid these explosive situations. Firstly, they are of limited
practical interest. A typical situation where a practitioner has doubts about differencing, for forecasting
purposes, deals mainly with estimated p close to, but lower than unity. Second, the explosive nature of
the predictions generated with a predictor with p > 1 produces an excessive influence on the averages re-
sulting from the simulations, because explosive estimated predictor is easily worse than its overdifferenced
counterpart, especially at long term. Unreported simulations show that very few explosive estimated pre-

dictors can have an extremely high influence in the computations, giving a too optimistic representation
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Figure 2: {V, Hy= Vo (H)}/Vy () of model M2 for horizon H =1, ...,30 and sample size T. The values of

p are (from down to top): 0.90, 0.92, 0.94, 0.96, 0.98 ,0.99.

of the effect of overdifferencing. Therefore, in order to obtain a clearer picture of what can be expected
from overdifferencing in a real situation, we have considered only those replications whose estimated roots
where outside the unit circle. The percentage of rejected replications is low. For instance, if p = 0.98

and T = 100 this is 1%, and with 7" = 50 it is 2.7%.

In each replication, we generate a random sample of the process of size 500+ 7" + 30 with random noise
a; ~ N(0,1). The first 500 observations were ignored to avoid the effect of initial values, and the last
30 were used to evaluate the prediction error. By averaging the predicting squared errors of 20000 valid
replications we obtain V,(H) and V,,(H) as the sampling estimation of the PMSE of forecasting yrym
using the forecasts generated by the correct AR(2) model or the overdifferenced ARIMA(1,1,0) model
respectively. Figures 1 to 3 show the ratio {V,(H)— V,,(H)}/V,(H ) for M1 to M3 as a function of 7" and

p. This ratio represents the empirical expected gain (or loss if negative) of overdifferencing at each horizon.
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Figure 3: {V, Hy= Vo (H)}/Vy () of model M3 for horizon H =1, ...,30 and sample size T. The values of

p are (from down to top): 0.90, 0.92, 0.94, 0.96, 0.98 ,0.99.

These figures reveal that, as expected from the theoretical results, there are situations where overdiffer-
encing outperformed the true model. The expected gain increases with the size of p and decreases with
T. Also, in agreement with equation (3.2), the gain is larger in the model with positive second root (M1)

than in the model with negative root (M3). The gain substantially decreases if & = 0 (M2).

The main feature of these figures is the divergence of the curves as the horizon increases. In the very
short term, the difference between the two predictors is very small, even negligible. Nevertheless, in the
medium or long term the gain or loss can be important. The risk of falling into an important loss if p is
not large enough can, however, be diminished if some efficient rule to decide about differencing is used.
A second important aspect of these figures is that in the long run (H > Tl/z) the gain decreases and can
be negative. Also, as proved in the last section, the gain in the model with no constant always disappears

at sufficiently large H.
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Figures 4 and 5 show the absolute values of V,,(H ) and V,,(H ) for selected values of p. These figures also
contain the population PMSE of the process (dotted lines). These population values can be obtained
from the first term on the right side of expression (5.1). The distance from these population curves to
each solid line is the PMSE due to the estimation of the unknown parameters. It can be seen that the
sampling variability of the nondifferenced predictor (line with symbol 4) increases notably when the
number of parameters increases (model M1 and M3 with respect to M2). This increment of the PMSE
due to the estimation of the parameters makes that the overdifferenced predictor (line with symbol o)

can outperform its competitor when the process approach nonstationarity.

It can be seen that the theoretical results accurately explain this finite sample performance. Since results
depend mainly on the size of the roots rather than on its number, it is reasonable to foresee similar

conclusions in larger autoregressions.
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APPENDIX

A Lemmas

We present some lemmas used for the proof of theorems in subsequent sections. For an arbitrary
p x 1 vector  and a p x p matrix M, let ||z|| = (2’2)"/? be the Buclidean norm of z and ||M|| =

supHIHSl(ac’M’]\/Iac)l/2 be the matrix norm of M.

Lemma A.1 Assume Al and A2, with s, = 2k and k > 1. Then, as T — oo,

B =yl = 0{ (152) } ,

S = Fupll*) = o{(i;—ﬁ)} (A1)

Proof: Let m;; be a generic element of M. Since E(||M]|*) = O {maxm E(|m2]|k)} 2,7 = 1,..,p; and by

and

E(

Minkowski’s inequality, E(||fw - fwlka) =0 (maxm Elwaw;_g — wtlpwt_swk) . A similar result applies
to (A.1). Using the decomposition (4.1), and by Minkowski’s inequality,

1 1 1y k
E|wtwt—s - wt|pwt—s|p|k < {(E|wt|prt—s|k)k + (E|wt—s|prt|k)k + (E|7‘t7‘t—s|k) k} ) (A-Q)

1
where 7y = 37720 1;(1 — p)zi—1-;. By Holders’ inequality, E|wtlp7‘t_5|k < (E|wtlp|2kE|rt_5|2k) . Also,
152k
by assumption AL, Elw,,|* = O(1). Similarly, E|r,_|* < {z;';owj(l—pn (Blzmsmail?*) } ,

where it can be verified, that

stz (S ) < (S (epaf) ] =of(25) ]

J=0 =0

Elre | = 0 { G;—Z)k} , (A.3)
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and hence,

k
1-— 2
Elwtw—s'k:(){(ﬁ> }

A similar result applies to the second term in (A.2). The third term in (A.2) can also be solved following

the previous arguments. It can be shown that

1— k
st <oy (155 )

Applying these results to (A.2) proves the lemma. O

Lemma A.2 Assume A1, A2, A3, and A/, with sop = 2k. Then, as T — oo,

E(|II5 - f;}pnk) _0 { GJ_F—Z)%} |

Proof: Tt can be verified that ||T7! — f;}p”k = ||tz (T — fwlp)f:vipnk By Hoélders’ inequality and

lemma A.1l the result follows. O

Lemma A.3 Assume A1, A2, A3, and A/, with sop = 4k. Then, as T — oo,
1 E
o{(i=n)) N
(597 (A
. 1-p _k
FE - ¢|I¥) = O |max (—) 725 . A5
(16~ 911 [ { o (4.5)

Proof: The estimator (iﬁ can be expressed as

Eld - &, 1"

¢ = (ft_ul - F:Ullp)(ﬁ/w - ’A}/wlp) + (ft_ul - wlp)’ywlp + lep( ’?wlp) + (islpv

where ¢lp =1- . By Minkowski’s inequality we obtain

B -l < ([P - T25G0 — upl]

=

v

+ [EQIES! - f;ipmlpnk}]% (BT, G = Jup)lY]
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By Hoélder’s inequality and applying lemmas A.1 and A.2 expression (A.4) holds. In order to prove

(A.5) we use the decomposition ¢ — ¢ = lep( %Ulp) + (I - F;Tp)’yw, and also the decompositions
Y — Ywp = (Y ’lep) + (’Aywlp - ’lep) and T';! — F”Tp = (f;l - fwlp) + (lelp wlp) Applying that

E(||’ywlp—’ywlp||2k) = O(T7%) and E(||f;Tp—F;1 |1?5) = O(T~*) (see, for instance, lemma 3.3 of Bhansali,

1981), and using the same arguments as before, completes the result. |

B Proofs of results in section 3

Proof of theorem 1:

Since E(z?) = 0%/(1 — p?), and by Chebyshev’s Inequality, we obtain z; = O, { 1- 2)_%}. Hence,

=0 {(:52)} (B.1)

Since (1 —p)/(14 p) = O(T~F), then w; = Wip + 0y (T_%).

The elements of fw and 4., can be decomposed as

T T T T
2= p1-|—1 Wi—tWj—s  _ 2= p1-|—1 Wi—tpWi—sp 2= p1-|—1 Wi—tpli—s 2= p1-|—1 Wj—spli-t
T—p-1 T—p-1 T—-p-—1 T—p-—1
T—1
—I—Z] p+1 T] tT] 13
T—p-1
Applying (B.1) and the result that Wy = O,(1), it can be verified that
T T
> = p1+1 Wi—tWi—s Do p1+1 Wi—tpWi—sp -3
= +0,(T72)
T—p-1 T—p-1
and the theorem follows. |

Proof of theorem 2: Using the decomposition (;5 ¢ = lep( %“Ulp) + (f;l — F;Tp)‘yw, and by sta-

tionarity of {wtlp}’ we have F;Tp = O(1). Also, if I exists, we have (I;' —=T71 ) = T;N(T
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Therefore, applying corollary 1, (2) —¢ = Op(T—l/Q), 0O

Proof of theorem 3: It can be verified that E(¢p — (}:’)lp) = B{(I';' - f;ip)’ywlp} + {7 (B — ’ywlp)}.

Applying Hélders’ inequality and lemmas A.2 and A.1 the theorem follows. |

Proof of theorem 4: We can decompose

MSE(@) = MSE(¢,)+ E{(¢-,)(d,— o)}
+E{(®, - 0N b -,V }+E{(6-b,)d, -0}

Since || M|| < /tr(M'M), and applying lemma A.3,

{16 - 8,)(® - 8,1} < Bl - b, = 0 (15L).

Analogously, and applying the result that F (H(%lp - ¢||2) = O(T™1) (see, for instance, Bhansali, 1981),

it can be verified that
. . 1—o\% 1
E{H(%—qb)w—%)'n}w{(ﬁ) T—E},

26 - 6,08, - oV} = 0{(1;—2)T}

and the theorem follows. O

C Proofs of results in section 4:

Proof of theorem 5: The Taylor expansions of A" and A»~' around A, are

k-1
A = AL+ 0 AL(A = A)AT 4 0p(T7Y): k= hoh— 1.
7=0
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Then, using /28 Al (Ay — Ag)ART277 = Y2l ATTN (A, — A, )ART177 ) and given that (A, — A,) =

epra(p — ), we have

BE(iryn —wryn)® = E(Li = La)* + E(CYrYrCha) + E(ChoYrY7Ch2)

+E(ChYrY$Cha) + B(ChoYrYiChy) + O(T72), (C.1)

where Cj | = e} 1, Aleppa(p — @) AL, and Cha = E? 1€ ;+2A]_ (Ao = Ip2)epsa(p — @) AL/, and
where we have used the result that E(||A, — A4|*) = O(T‘E) (see, for instance, Bhansali, 1981, or

Kunitomo & Yamamoto, 1985) .

If we denote the k-th coefficient of ¢(B)™! by ¢yar(p41y and the k-th coefficient of ¢(B)™'(1 — B)

by parMA(p1,1)) then e AR (Ay — Lpo) eprs = Vnjarp41)] — Ph—1[AR(p+1)] = CKARMA(p41,1)] =
€l 2 AT cppa, and hence,
h—1
E(L}) = E{(Li = L2)*} = 0 3 (epraAlcpa)?. (C.2)
k=0
Since the effect of the dependence between Y7 and ¢ in the PMSE is O(T_%) (Kunitomo & Yamamoto,
1985) and applying that MSE(p) = ¢°T ! /T + O(T_%), we find
2 h—1h—1

E(CYrYiCha) = =3 3 ( p-I-ZA{_le-I-?) (€;+2Alf_lcp+2)

7=1 k=1
xtr (ALTID, AR L O(17),

Applying the same arguments to the remaining terms of (C.1) we obtain
2 h—1h-—1

El(tr4n = wrin)?] = o Z epp2ATepr2)’ + o5 72 2. SRV YT [ CARY LIy
7=0 k=0

xtr (Ag—l—fryA’ah—lr; ) +0(17%),

If we denote the k-th coefficient of ¢(B)~! by VRAR(p)]> then YuarRMA (p41,1)] = YriaR(p) T+ O(1 = p) and,

therefore, e;H_QA’fcpH = e;Agep + O(1 = p). Then, if 8 > 1, expression (5.3) holds. Similarly, using the
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previous arguments, the proof of (5.4) follows. O

Proof of theorem 6: The expectation of the square of wp,), — Wryy is
E{(wrsn—dren)’} = E(L})+ E{e,(A} = ADWrWi(AL - A} Ye, }
—I—E(v%) +2F {e; Ah WT?JT} (C.3)
where the term F(L?) is the same than (C.2). Applying (A.3) with & = 1 and Holders inequality, then

E(v3) = o(T~1). In order to solve the remaining terms of (C.3), we will use a Taylor expansion of A,

around A,. The magnitude of the remainder term is determined by the root-T" consistency of flp. Then

h—1
Al = AR T AN(A, - Ay AL
=0
+ Z {ZA’“ Ay — Ay) AT ’“} X (Ap = Ap)AM1T £ 0,(T73).
Thus, by lemma A.3, E{ Ah)WTvT} =0 [E{H(éﬁ— ¢)/WTUT||H = o(T™'). Let us denote

B, =¢€, Z?;& A%(Ap — Ap)AL=1=7 . Then, by Holders’ inequality, E{e/, ( Ah)WTWT(A —Alye,} =
E(B, \WrWpBy 1)+ O (T_E). Applying theorem 4 and the result that the effect in the PMSE of the

dependency between (2)179 and Wr is O(T_%) (Kunitomo & Yamamoto, 1985), it follows that

h—17—-1
E(B;LJWTW:'FB;LJ) = (0'2/T) Z Z(e;A;ep)(e;A];ep) X tr(AZ_l_]FwA;h_l_kF;l) + O(T_l),

7=0 k=0

and the proof of (5.6) is completed. Similarly, by the same arguments, expression (5.7) can be obtained.O

D Proofs of section 5:

Proof of lemma 1: Let us decompose Y; as Y; = (Y/, 0) + p, where p = (pt, fty ..., s, 1), Since

w(l— ;), it can be shown that A° wA’7 = p, where g = pp'. Then A'T A7 = AT A’]—I—u,
= 199 o a atyYita
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where I'; is a (p+ 2) X (p+ 2) matrix with I'; in the first (p+ 1) X (p + 1) submatrix and zero elsewhere.

Also, the covariance matrix I'y has the following block structure

where I', = E(Y,.Y),), with Y,: = (y¢, ye—1, ..., Y1—p)  and p, = E(Y,;). Using the properties of the inverses

of block matrices, we can partition F;l as

. B By
ot = :
Ba1 Ba
where By, = (I, — pp!)) ™ = F;l. Then it is verified that tr(AéF%A’aszjl) = tr(AéFgAgFg_l). Hence,
tr(ALT, AUT ) = tr(AéFgAngg_l) +tr(pl, ). Given that tr(pl';') = p'T;' g, and applying a result of
Searle (1984, pag. 258), it can be seen that u’F;lu =1-|Ty—pp'| /|y |=1, since the last column

and row of I';, — pp’ are zero and Ty is invertible. O

Proof of lemma 2: Let (' be the following nonsingular matrix

1 —p 0 0 0
0 1  —p 0 0
C =
0 0 0 1 —p
L =1 —¢2 - —Pp1 —@p
Then
» 0
D=CAC! =
0 p

Let Ar be an eigenvalue of the matrix Q) = F;lAéFgAgj. Then
|D'Te DY — \T¢| = 0, (D.1)
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where I'c = CT;C". This matrix I'c can be considered as the covariance matrix of the transformed series

Zy = CYy, where Zy = (21,4, 21 41, «--» Z1,t—p+1, Z2,¢) and
Zt = DZt_l + atCp41- (DQ)

Therefore, the first px p submatrix of I'c is the covariance matrix of a process 21 ¢ following the coefficient
matrix A, and noise a;; namely, the matrix I' P Denoting by Vi, V51, and V35 the remaining submatrices

of this partitioning, we can rewrite (D.1) as

1

(AL, AL = ATy ,)  (AiVisp! = AVig)Vy,?

w|pp

. ) _1 o
(PZV?IA;] - /\‘/21)‘/222 (PH_] - /\)

From (D.2), the term Va is the variance of an AR(1) process with coefficient p. Therefore V,;' = O(1—p).

Hence, using the rule to evaluate the determinant of a partitioned matrix (see, for instance, Searle, 1984)

|Q—/\I|:‘A2 wrpA;]—/\erpHp“”—l—O (1—p /\}_0
Since the trace of a matrix equals the sum of its eigenvalues, the lemma follows. |
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