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Definition of period and cyclic classes

Theorem 1 ([1] 1.8.4). Let P be irreducible. There is an integer d > 1, called the period of P, and a partition

S=CoUCiU...UCy_4

such that (setting Cpatr = Cy)

a) pl(-?) >0 only ifi € Cy. and j € Crqyy for some r;

b) b;;

(nd)

> 0 for all sufficiently large n, for all i,5 € C,. for all r.

The sets (Cr)reqo,1,....a—1}y are called cyclic classes of P.

Proof. If S = {k}, the theorem is trivial with d = 1. So we assume there are at least two states in S.

Fixak e Sandlet T, = {n: pg,? > 0}. Since the chain is irreducible, there are m; > 0 and my > 0, such

(ma) (m2)

that p;, "/ > 0 and p;. >’ > 0, for i € S, i # k. Therefore m; + my € Tj. In addition T} is closed under
addition, that is, if ny,ne € Ty = nj1 + ng € Ty, therefore T} contains at least all integer multiples of
(m1 + ms) and it follows that it has infinite elements.

Let d = min{ny — ny : ny,ny € Tk, ny > n1}. The minimum is attained since d € N and d > 1, so we
define d = n3 — n} with nj,n5 € Tj.

There exists an IV such that for all n > N, nd € Tk:

Let N = nj(n} — 1) and take n > N. Write n = gn} +r with r € {0,1,...,n] —1} and ¢ > nj — 1. It
follows that nd = gdn} + rd = gdn} + r(nj — n}) = (¢d — r)nj + rnj. Since gd —r > g —r > 0 it follows
that nd € T}, by the closure of T}, under addition and the fact that nj,n3 € Tj.

Let C. = {i € S : p,(;zd'w) > 0 for some n > 0}. By irreducibility S C Ure{()’l,__.’d_l} C,. We define
Cnd+r = Cr~

Since nd € Ty, for n > N, an alternative and equivalent definition for the set C, would be
C,={ieS:3N;, >0] p,(;;d“) > 0 for all n > N;,.}

The collection (C)reqo,1,....di—1} forms a partition of S:
We have to show that for r,s € {0,1,...,d —1} and s #r, C, N Cs = .

Assume that there exists an n > max{N;., N;s} such that p,(;;dw) > 0 and pfgdﬁ) > 0 with » > s, and
let m > 0 be an integer such that pz(»,l”) > 0. We have pﬁd“*_m) > 0 and p,(c7,id+s+m) > 0 implying that

nd+r+m,nd+s+m € Ty, with (nd+r+m)— (nd+s+m) = r—s < d, that is absurd by the minimality
definition of d.

Proof of a):

Suppose pgy) > 0 and i € C}. and let m > 0 be an integer such that p,(CTdJrT) > 0. Therefore p,(;;-erdH) >0,

implying that j € Cp 4.

The period d is the greatest common divisor of the set Ty, i.e. d = G.C.D.(Ty):
Since k € Cy, by a), the only possible m such that p,(;;:) > 0 are multiple of the period d, that is m = nd.

In particular, nj, n} are multiple of d and Ty, C {nd : n € N}.

Proof of b):

Choose N such that for all h > N, hd € T} and let mq, ms be such that pEZLl) > 0 and pg;w) > 0, by

irreducibility. Then pE;n1+hd+m2) > pggl)p,&’,zd)p,(c?Q) > 0 for all h > N. Since i,j € C,, my +mgy = Md,

with M > 0, that is, the sum is multiple of the period. The result follows for any n > M + N.
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