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Initial Enlargment: General Results ([1] 5.9.3)

Given a random variable L, we consider the filtration F(L) made by

F (L)
t = Ft ∨ σ(L)

or more precisely F (L)
t = ∩ε>0{Ft+ε ∨ σ(L)}.

Definition

There exists a family of regular conditional distributions λt(ω, dx)

that satisfies

λt(·,A) is a version of E[1{L ∈ A}|Ft ]

∀ω, λt(ω, ·) is a probability distribution on R.
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Jacod’s Criterion

Proposition (Jacod’s Criterion. [1] 5.9.3.1)

Suppose that, for each t < T , λt(ω, dx)� ν(dx) where ν is the

law of L. Then, every F-semi-martingale (Xt , t < T ) is also an

F(L)-semi-martingale.

Moreover, if λt(ω, dx) = pt(ω, x) ν(dx) and if X is an

F-martingale, its decomposition in the filtration F(L) is

Xt = X̃t +

∫ t

0

d〈p(L),X 〉
ps(L)

,

where p(L) = (pt(L), t ≥ 0).
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Jacod’s Criterion - general settings i

For a bounded Borel function f , let (λt(f ), t ≥ 0) be the

continuous version of the martingale (E[f (L)|Ft ], t ≥ 0). There

exists a predictable kernel λt(dx) such that

λt(f ) =

∫
f (x)λt(dx)

and by the predictable representation property applied to the

martingale (E[f (L)|Ft ], t ≥ 0), there exists a predictable process

λ̂t(dx) such that

λt(f ) = E[f (L)] +

∫ t

0
λ̂s(f ) dBs .
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Jacod’s Criterion - general settings ii

Proposition ([1] 5.9.3.2)

Assume that there exists a predictable kernel λ̂t(dx) such that

dt a.s., λ̂t(f ) =

∫
f (x) λ̂t(dx) .

In addition dt × dP a.s. the measure λ̂t(dx) is absolutely

continuous w.r.t. λt(dx):

λ̂t(dx) = ρ(t, x)λt(dx) .

Then, if X is an F-martingale, there exists a F(L)-martingale X̃ ,

such that

Xt = X̃t +

∫ t

0
ρ(s, L) d〈X ,B 〉 .
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Examples ([1] 5.9.3.3)

Example

Enlargement with B1.

Example

Enlargement with M1 = sups≤1 Bs .

We use the formula:

E[f (MB)|Ft ] = F (1− t,Bt ,M
B
t )

where MB
t = sups≤t Bs and

F (s, a, b) =

√
2

πs

(
f (b)

∫ b−a

0
e−

u2

2s du +

∫ ∞
b

f (u) e−
(u−a)2

2s du

)
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