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Abstract

In this paper, we propose to combine the prediction methodology developed by

Lee and Carter (1992) with the interpolation or graduation procedures developed by

Guerrero and Silva (2010) for obtaining predictions of Mexican mortality rates in the

period 2001-2010. Additionally, we obtain estimates of the mortality rates for the years

within each decade in Mexico during the period from 1940 to 2000. The procedure is

tested with data from �ve countries: Denmark, England and Wales, Portugal, Spain

and United States of America. The application of this methodology to these �ve coun-

tries indicates satisfactory performance which is comparable with the one obtained by

models that use annual data.
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1 Introduction

A strong transformation in Mexican mortality was observed in the XX century as re�ected

in the life expectancy indicator, which at least tripled between 1900 and 2010. This evidence

can be appreciated with a transverse or longitudinal perspective. Based on the transverse

perspective, we can summarize the following points. The mortality evolution can be described

in stages. In the �rst stage, which lasted until 1920, the mortality level was high and

�uctuated widely. The life expectancy increased from 25.4 years in 1900 to 28.9 years in

1920. After the 1920s, the life expectancy evidently decreased. In 1930, the life expectancy

reached 34 years, and in 1940, it was 40.5 years. This mortality decrease can be explained

by increased well-being of the population, which was a result of the e�ect of the Mexican

Revolution on the implementation of public health programs.

Mortality showed a strong drop between 1940 and 1960. During this period, the life ex-

pectancy gained 17.4 years; speci�cally, it increased from 40 to 57.8 years. This acceleration

is one of the fastest increases that has been observed around the world; neither European

countries nor undeveloped countries have achieved such an increase in such a short period

of time. The mortality decrease in this period can be explained by the introduction of new

medical techniques, the implementation of health programs and the implementation of eco-

nomic and social progress. Between 1960 and 1995, the mortality decrease slowed, and life

expectancy had a mean increase of 0.4 years. This e�ect can be explained by an epidemi-

ologic transition. In fact, between 1995 and 2010, life expectancy gained fewer years, and

the di�erences based on sex became more notable. One possible explanation for this trend

is the generalization of social security for all of the population and the convergence to the

limits of human life that are typical in similar countries. Therefore, the motivation for this

Mexican case study is related to population forecasting.

According to Booth et al. (2006), population forecasting is the basis for economic, social

and health planning. The future of health-care and social security for the aging population
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is a central concern for developed countries. In addition, the mortality rates classi�ed by age

are an indispensable element for obtaining life tables. Population forecasting is also used to

make important policy decisions and to determine the pricing of life annuities as expressed

by Koissi et al. (2006). Therefore, population forecasting is a tool that is used by most

o�cial organizations.

In Mexico, as well as in a number of other countries, the annual registry of mortality

rates is usually estimated using o�cial population forecasting (as denominator of the rate)

coming from Population Councils and vital statistics of mortality (as numerator of the rate)

coming from Health Ministries or Statistics National Institutes. In particular in Mexico, the

population forecasting (elaborated by CONAPO) is linked with the so-called Demographic

Conciliation, then a retrospective method is used and so the estimation is restricted to the

availability of this information.

Other alternative to estimate annual mortality rates, which is used here, is the interpola-

tion method developed by Guerrero and Silva (2010) where only it is necessary using census

information without any kind of Demographic Conciliation. For this purpose, we consulted

the following sources: the mortality rates were provided by WHO (2010) for the years 1990

and 2000, by Camposortega (1992) for the year 1980 and by Corona et al. (1982) for the

years 1940, 1950, 1960 and 1970. We also used census information from 1990 and 2000 and

the rates were provided according to sex and age-groupings {0-1, 1-4, 5-9, ..., 70-74, 75+}.

The main goal of the paper is to forecast the mortality rates for Mexico from 2001 to

2010, but this forecast's application to di�erent countries allows us to indirectly evaluate the

methodology that was proposed for the Mexican case. For this purpose, we will use data

from �ve other countries or regions: Denmark, England and Wales, Spain, Portugal and

United States of America. The annual mortality rates of these countries for the period from

1940-2009 are available in the Human Mortality Database (www.mortality.org).

As proposed by Booth et al. (2006), mortality forecasting has utilized the development
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of new and more sophisticated methods, and one signi�cant milestone was the publication

of the Lee-Carter method in 1992. To forecast the mortality rates in the period of 2001 to

2010 using the available data on mortality rates for Mexico, it is �rst necessary to forecast

the mortality rates for the year 2010. To achieve this, the method of Lee and Carter (1992)

will be applied. This method relates the mortality rates according to age with a single

unobservable factor:

ln[mmmx,t] = aaax + bbbxkkkt + εx,t,

wheremmmx,t represents the central death rate for the age x in year t, aaax and bbbx are age-speci�c

constants, and kkkt is a time-varying index. In the model, the parameter aaax describes the

average age-speci�c pattern of mortality, kkkt is an index that represents the general mortality

level and the decline in mortality at age x is captured by bbbx. The term εx,t represents the

deviation of the model from the observed log-central death rates, and it is assumed to contain

white noise with a zero mean as well as a "relatively small" variance σ2
ε .

Next, the methodology of Guerrero and Silva (2010) will be applied to estimate the

annual mortality rates for the years 2001, 2002, 2003, 2004, 2005, 2006, 2007, 2008 and 2009,

using the smoothing equation:

ŶYY α = αYYY 2000 + (1− α)YYY 2010, (1.1)

where YYY 2000 represents the logs of the mortality rates of the year 2000, and YYY 2010 repre-

sents the logs of the mortality rates for the year 2010. The parameter α is the smoothing

parameter, which is between 0 and 1.

The remaining of the paper is organized as follows: the second section describes the

method of interpolation, the dynamic factor model and the Lee-Carter method. These

methods are the basis for the three models that are used in the application. The third

section presents the results that were obtained using the three models for Mexico and the

other �ve countries. Finally, some concluding remarks are presented.
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2 Methodology

2.1 Interpolation Method

According to Guerrero and Silva (2010), one way to solve problems regarding the registra-

tion of death data is to use data graduation (smoothing). As it is known, graduation is

the group of principles and methods by which the observed probabilities are smoothed to

perform actuarial inferences and calculations. For the mortality data, the graduation can

be performed using parametric or non-parametric methods. As described by these authors,

the underlying goal of graduation and smoothing is to reduce the variability and to facilitate

the analysis of the observed data. One of the most used techniques for graduation is the

Whittaker-Henderson method that is related to the mortality rates. Guerrero et al. (2001)

found that the best linear unbiased estimator of the smooth rates was the Whittaker and

Henderson solution to the graduation problem.

The most usual method used for demographic projections is the component method

(Cohort-Component Method), and according to George et al. (2004), this method is used

to study the future behavior of the following demographic components separately: fertility,

mortality and migration. The component method that can be used to forecast mortality has

the following di�erent alternatives:

1. Extrapolation techniques,

2. Techniques in which the mortality of an area or population is presumed in other areas

or populations, and

3. Structural models that consider the changes in mortality rates arising from the changes

in socioeconomic variables.

For the �rst and second cases, some possibilities include the use of Auto-Regressive

Integrated Moving Average (ARIMA) models, as in Lee and Carter (1992), and the use of
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parametric models, such as the Makeham, Gompertz, and Helligman and Pollard laws.

As Guerrero (2008) points out, the smoothing of a time series and the estimation of its

trend are strongly related. The smoothness and structure can be �xed at the outset to make

the smoothed results comparable. The methodology that was provided by the authors can

be interpreted according to a demographic theory that allows valid comparisons between

mortality trends. The estimation of the mortality trends can be performed by optimizing

the following three elements:

1. The observed mortality,

2. Its smoothness,

3. An assumed goal mortality structure.

In the present study, we will consider the observed mortality, its smoothness and its

forecasting value as mortality structure. According to these authors, the observed mortality is

supposed to be represented by a smooth underlying trend that is obscured by random errors.

Additionally, the mortality structure is derived from an external source of information, and

it serves to incorporate a goal for the smooth mortality structure. In this way, the basic

model is generated as follows:
Y = Ys + ηηη,ηηη ∼ (0, σ2

nIn)

U = Ys + δδδ, δδδ ∼ (0, σ2
δIn)

E(δη′δη′δη′) = 0, E(δε′δε′δε′) = 0

,

where the �rst relationship assumes that the observed mortality rate, Y , is the sum of a

trend, YYY s, plus a random noise, η and the second equation postulates a mortality experience

with the limit structure.

The matrix representation of the model is as follows: Y

U

 =

 In

In

Ys +

 ηηη

δδδ

 , (2.1)
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with  ηηη

δδδ

 ∼
 000

000

 , σσσ

 ,

where

σσσ =

 σ2
ηIn 0

0 σ2
δIn

 ,

and applying the Generalized Least Squares (GLS) to estimate Y sY sY s, the following expression

is obtained:

YYY s =


 In

In


′

σσσ−1

 In

In



−1 In

In


′

σσσ−1

 Y

U

 .

Finally,

ŶYY s = αYYY + (1− α)UUU,

where α is between 0 and 1, and Y sY sY s will converge to UUU as α tends to 0. The value of α

must be known prior to the estimation of Y sY sY s. The latter expression is used in this study to

interpolate the data of the intermediate years taking α in the set {0.1,0.2,0.3,...,0.9}.

The previous method could be applied to estimate the annual mortality rates for Mexico

using the decennial data period 1940 to 2000. As illustration we can see the results for men

and women and period from 1940 to 1950 in the following �gures:
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Figure 1:

Interpolation for the period from 1940-1950 for Mexican males.
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Figure 2:

Interpolation for the period from 1940-1950 for Mexican females.

The estimations results for the complete period, 1940-2000, are available at www.est.uc3m.es/amalonso/esp/addenda.html.

2.2 Forecasting Methods

2.2.1 Dynamic Factor Model

Peña and Box (1987) proposed how to identify hidden factors in a multivariate time series.

These authors assumed that an observed m× 1 vector of a time series, zzzt, can be written as

zzzt = PyPyPyt + εεεt,

where PPP is an m × r matrix of unknown parameters, ytytyt is an unobservable r-dimensional

vector process that generates the series, and εtεtεt is an m-dimensional white-noise sequence

with the full-rank covariance matrix ΣtΣtΣt.

The vector ytytyt follows an r-dimensional (autoregressive moving average) ARMA(py, qy)

model of the form

ΦΦΦy(B)yyyt = ΘΘΘy(B)aaat,

where
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ΦΦΦy(B) = III −ΦyΦyΦy(1)B − ...−ΦyΦyΦy(p)B
p,

and

ΘΘΘy(B) = III −ΘΘΘy(1)B − ...−ΘΘΘy(q)B
q,

are matrix polynomials in the backshift operator B, the Φ′sΦ′sΦ′s and Θ′sΘ′sΘ′s are r × r matrices

and the roots of the determinantal polynomial |ΦΦΦy(B)| and |ΘΘΘy(B)| are all outside of the

unit circle. In addition, aaat is a sequence of Gaussian white noise with a zero mean and a

covariance matrix ΣaΣaΣa.

2.2.2 Lee-Carter Method

According to Booth et al. (2006) the Lee-Carter method is the model that is most widely

applied to forecast mortality rates. The method involves a two-element (age and time) model

and uses matrix decomposition to extract a single time-varying index of the level of mortality,

which is then forecast using a time series model. Normally, the Lee-Carter method is used as

a benchmark. It is important to note that the method that was provided by Lee and Carter

(1992) is extrapolative and makes no e�ort to incorporate knowledge regarding medical,

behavioral, or social in�uences on the mortality change. The authors remark that the method

allows age-speci�c death rates to decline exponentially without a limit; the increase in life

expectancy follows without any special additional assumptions. As important advantages

over other extrapolative procedures, albeit with the usual shortcomings of its genre.

The Lee-Carter model can be explained as follows: the ordered age categories will be

represented by x = x1, ..., xN , and the consecutive calendar year will be analyzed by t =

t1, t1 + 1, ..., t1 + T − 1. The central death rate for an age -grouping x, during a year t will

be denoted by mmmx,t, and it is assumed that:

ln[mmmx,t] = aaax + bbbxkkkt + εx,t
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or

mmmx,t = eaaax+kkktbbbx+εx,t ,

where aaax and bbbx are age-speci�c constants, and kkkt is the time-varying index. The term kkkt can

be interpreted as an index of the level of mortality at time t, the parameter aaax is the average

pattern of the mortality by age across the years, and the e�ect of kkkt in the mortality at age

x is captured by bbbx. Constraints are imposed to obtain a unique solution:
∑

x bbbx = 1 and∑
t kkkt = 0. The term εx,t is the deviation of the model from the observed log-central death

rates and is expected to be white noise with a zero mean and a "relatively small" variance

σ2
ε . The values of aaax are estimated as the average of ln(mmmx,t) over time, and the values of bbbx

and kkkt are estimated by singular value decomposition (see, for instance, Koissi et al., 2006).

Lee and Carter (1992) used a random walk with a nonzero drift model for kkkt:

kkkt = kkkt−1 + d+ et,

where d is the average annual change in kkkt, and et is a white noise sequence. Notice that

Lee-Carter model generalizes Peña-Box models since it allows a regular di�erence in the

common factor model.

2.2.3 Three Models for the Mortality Rates.

Following the previous two sections, here we propose three alternative models to forecast the

mortality rates for a prediction horizon of ten years.

Model 1

This method estimates the mortality rates based on the dynamic factor model by using

the annual observations of the mortality rates for the years 1940, 1941, ...2000, and it assumes

that

ln(mmmt) = aaa+ bbbft + εt,
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with

ft ∼ ARIMA(p, d, q),

where mt corresponds to mortality rates at time t, and εt is the identically independent

distributed sequence with a mean 0 and a covariance matrix ΣΣΣ. As can be observed, the

model does not assume any special distribution for εt.

Model 2

This model generalizes Model 1 because it assumes that each component of εt follows an

ARMA model. Thus:

ln(mmmt) = aaa+ bbbft + εt,

with ft ∼ ARIMA(p, d, q) and

εt,1 ∼ ARMA(p1, q1) , . . . , εt,17 ∼ ARMA(p17, q17).

Model 3

This model is the proposal for Mexico because we only have seven observations for the

mortality rates (the census population is calculated every 10 years). In this case, the factor

model will use the decennial years 1940, 1950, ..., 2000. Thus,

ln(mmmt) = aaa+ bbbft + εt,

with

ft+10 = c+ ft + ηt+10,

where mmmt corresponds to mortality rates at time t, and εt is the identically independent

distributed sequence with a mean 0 and a covariance matrix ΣΣΣ. The model incorporating

the factor is an ARIMA(0,1,0) with nonzero drift, which corresponds to the Lee-Carter

model.
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Using Model 3, we can predict the next decennial year, which is 2010. Thus,

f̂2010 = c+ f2000,

and

ln(m̂mm2010) = aaa+ bbbf̂2010.

Once we have the prediction of the mortality rates for the year 2010, we can estimate the

mortality rates for each group for the years between 2000 and 2010 using the interpolation

method of Guerrero and Silva (2010).

These three models use an ARIMA model for the factor ft. In the �rst two cases, the

model will be identi�ed and estimated using TRAMO, which is a program that was developed

by Gómez and Maravall (1996) (by means of a MATLAB interface that was developed by

Bógalo (2004)). To evaluate the performance of Model 3, we will apply the three models

to forecast the mortality rates for �ve countries where the annual data were available for

the period from 1940-2006 (or 2007 or 2009), and the methods will be compared using the

following two measures:

MARE = ΣxΣt
|m̂mmx,t −mmmx,t|

mmmx,t

,

and

MAElogs = ΣxΣt|logm̂mmx,t − logmmmx,t|.

Both measures were used by Alonso (2008) to compare the performance of four factorial

models in 20 industrialized countries.

3 Modeling and Forecasting Results

3.1 Modeling Results by Countries

In this section, we present the modeling and forecasting results for six countries including

Mexico. First, we present the estimated models. Second, the forecasting performance of the
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three models is evaluated in �ve countries: Denmark, England and Wales, Portugal, Spain

and the United States of America. The table 1 shows the data that are available for these

countries and for Mexico. Notice that in the case of Mexico, we only have data for decennial

years.

Country Observation period

Spain 1940-2006

México 1940-2000

U.S.A. 1940-2007

England 1940-2009

Denmark 1940-2009

Portugal 1940-2009

Table 1: Countries and available periods (see www.mortality.org).

3.1.1 Denmark

Figure 3 shows the variability that was explained by the considered factors. The fraction of

the variability that was explained by the �rst factor was 92.03% in women and a 90.69% in

men, and the amount of variability added by the second factor was 3.73% for women and a

4.55% for men.
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Figure 3:

Variability explained by the factors, Denmark, 1940-2000.

Figure 4 shows the estimated common factor and the weights for both genders. In both

cases, a clearly decreasing trend was observed in consonance with the drop in mortality for

the same period. The weights that were associated with these factors were positive for all of

the ages, which implies that the decrease in mortality was observed in all of them, although

it was observed with di�erent degrees as re�ected by the di�erent values of the weights.
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Figure 4:

Estimated factors and weights, Denmark, 1940-2000.

Using the TRAMO-SEATS program, the following modelARIMA(1,1,0) with a nonzero
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drift was selected for the �rst common factor in females:

(1− L)f1,t + 0.4309(1− L)f1,t−1 = −0.3589 + υ1,t.

Analogously, the following ARIMA(0,1,1) model was selected with a nonzero drift for the

�rst common factor in males:

(1− L)f1,t = −0.2081 + υ1,t − 0.2478υ1,t−1.

Model 3, as the Lee-Carter model, is provided by:

(1− L)f1,t = −3.5930 + υ1,t,

and

(1− L)f1,t = −2.2098 + υ1,t,

for females and males, respectively.

3.1.2 England and Wales

Figure 5 shows the variability that was explained by considered factors. The fraction of the

variability that was explained by the �rst factor was 97.11% in women and 94.33% in men,

whereas the second factor only added 2.20% and 5.10% to the explained variability in women

and men, respectively.
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Figure 5: Variability explained by the factors, England and Wales, 1940-2000.

Figure 6 shows the estimated common factor and the weights for both genders. In both

cases, a clearly decreasing trend was observed in consonance with the drop in mortality for

the same period. The weights that were associated with these factors were positive for all

of the ages, which implies that the decrease was observed in all of them, although it was

observed with di�erent degrees as re�ected by the di�erent values of the weights.

1940 1950 1960 1970 1980 1990 2000
−15

−10

−5

0

5

10

15

20
EnglandWales

 

 

0 10 20 30 40 50 60 70 80
0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

0.11

0.12

 

 

Factor 1 − Females

Factor 1 − Males

Weights 1 − Females

Weights 1 − Males

Figure 6:

Estimated factor and weights, England and Wales, 1940-2000.

Using the TRAMO-SEATS program, the following modelARIMA(3,2,1) with a nonzero

drift was selected for the �rst common factor in females:

(1−L)2f1,t+1.6457(1−L)2f1,t−1+1.1455(1−L)2f1,t−2+0.4380(1−L)2f1,t−3 = υ1,t+0.3879υ1,t−1.

Analogously, the following ARIMA(0,1,2) model was selected with a nonzero drift for the

�rst common factor in males:

(1− L)f1,t = −0.3482 + υ1,t − 0.0442υ1,t−1 + 0.7071υ1,t−2.

Model 3, as the Lee-Carter model, is provided by:

(1− L)f1,t = −4.8590 + υ1,t,
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and

(1− L)f1,t = −4.2320 + υ1,t,

for females and males, respectively.

3.1.3 Mexico

Figure 7 shows the variability that was explained by the considered common factors. The

fraction of the variability that was explained by the �rst factor was 99.26% in women and

98.27% in men, whereas the second factor added only 0.47% and 1.23% to the explained

variability in women and men, respectively.
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Figure 7: Variability explained by the factors, Mexico, 1940-2000.

Figure 8 shows the estimated common factor and the weights for both genders. In both

cases, a clearly decreasing trend was observed in consonance with the drop in mortality for

the same period. The weights that were associated to these factors were positive for all of the

ages, which, implies that the decrease was observed in all of them, although it was observed

with di�erent degrees as re�ected by the di�erent values of the weights.
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Figure 8:

Estimated factor and weights, Mexico, 1940-2000.

In this case, Model 1 and Model 2 are not estimated since we have not annual data for

period from 1940 to 2000. Model 3, as the Lee-Carter model, is provided by:

(1− L)f1,t = −5.7283 + υ1,t,

and

(1− L)f1,t = −4.4714 + υ1,t,

for females and males, respectively.

3.1.4 Portugal

Figure 9 shows the variability that was explained by the considered factors. The fraction

of the variability that was explained by the �rst factor was 95.30% in women and a 92.43%

in men, and the amount of explained variability added by the second factor was 4.07% for

women and a 5.92% for men.
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Figure 9: Variability explained by the factors, Portugal, 1940-2000.

Figure 10 it is shows the estimated common factor and the weights for both genders. In

both cases, a clearly decreasing trend was observed in consonance with the drop in mortality

for the same period. The weights that were associated with these factors were positive for

all of the ages, which implies that the decrease was observed in all of them, although it was

observed with di�erent degrees as re�ected by the di�erent values of the weights.

1940 1950 1960 1970 1980 1990 2000
−20

−15

−10

−5

0

5

10

15

20
Portugal    

 

 

0 10 20 30 40 50 60 70 80
0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.18

 

 

Factor 1 − Females

Factor 1 − Males

Weights 1 − Females

Weights 1 − Males

Figure 10:

Estimated factor and weights, Portugal, 1940-2000.

Using the TRAMO-SEATS program, the followingARIMA(1,1,0)model with a nonzero
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drift was selected for the �rst common factor in females:

(1− L)f1,t + 0.4148(1− L)f1,t−1 = −0.5581 + υ1,t.

Analogously, the following ARIMA(1,1,0) was selected with a nonzero drift for the �rst

common factor in males:

(1− L)f1,t + 0.4833(1− L)f1,t = −0.3976 + υ1,t.

Model 3, as the Lee-Carter model, is provided by:

(1− L)f1,t = −5.2865 + υ1,t,

and

(1− L)f1,t = −3.8221 + υ1,t,

for females and males, respectively.

3.1.5 Spain

Figure 11 shows the variability that was explained by the number of the considered common

factors. The fraction of the variability that was explained by the �rst factor was 97.77% in

women and 94.66% in men, whereas the second factor added only 1.90% and 4.67% to the

variability in women and men, respectively.
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Figure 11: Variability explained by the factors, Spain, 1940-2000.

Figure 12 shows the estimated common factor and the weights for both genders. In both

cases, a clearly decreasing trend was observed in consonance with the drop in mortality for

the same period. The weights that were associated with these factors were positive for all

of the ages, which implies that the decrease was observed in all of them, although it was

observed with di�erent degrees as re�ected by the di�erent values of the weights.
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Figure 12:

Estimated factor and weights, Spain, 1940-2000.

Using the TRAMO-SEATS program, the following modelARIMA(1,1,0) with a nonzero

drift was selected for the �rst common factor in females:

(1− L)f1,t − 0.0275(1− L)f1,t−1 = −0.5968 + υ1,t.

Analogously, the following ARIMA(2,1,0) model was selected with a nonzero drift for the

�rst common factor in males:

(1− L)f1,t + 0.0038(1− L)f1,t−1 − 0.4117(1− L)f1,t = −0.5190 + υ1,t.

Model 3, as the Lee-Carter model, is provided by:

(1− L)f1,t = −6.3827 + υ1,t,
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and

(1− L)f1,t = −5.4555 + υ1,t,

for females and males, respectively.

3.1.6 United States of America

Figure 13 shows the variability that was explained by the considered factors. The fraction

of the variability that was explained by the �rst factor was 97.69% in women and a 95.60%

in men, and the amount of variability added by the second factor was expressed as a 1.72%

for women and a 2.60% for men.
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Figure 13: Variability explained by the factors, United States of America, 1940-2000.

Figure 14 shows the estimated common factor and the weights for both genders. In both

cases a clearly decreasing trend was observed in consonance with the drop in mortality for

the same period. The weights that were associated to these factors were positive for all of the

ages, which implies that the decrease was observed in all of them, although it was observed

with di�erent degrees as re�ected by the di�erent values of the weights.
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Figure 14: Estimated factor and weights, United States of America, 1940-2000.

Using the TRAMO-SEATS program, the followingARIMA(0,2,1)model with a nonzero

drift was selected for the �rst common factor in females:

(1− L)2f1,t = υ1,t − 0.7463υ1,t−1.

Analogously, the following ARIMA(1,1,0) model was selected with a nonzero drift for the

�rst common factor in males:

(1− L)f1,t − 0.3055(1− L)f1,t−1 = −0.2844 + υ1,t.

Model 3, as the Lee-Carter model, is provided by:

(1− L)f1,t = −3.7087 + υ1,t,

and

(1− L)f1,t = −2.8792 + υ1,t,

for females and males, respectively.

3.2 Forecasting Performance Results

Tables 2, 3, 4 and 5 present the means of the absolute relative errors for each model and

each country. In general, the best results were obtained with Model 2. The best forecasting
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results are highlighted in bold. Two main conclusions arise from these tables: (1) In all cases,

the inclusion of speci�c factors modeling produces a considerable improvement with respect

to the model that did not include the speci�c factors, i.e., Model 2 outperforms Model 1.

(2) The results that were obtained through Model 3 improve upon to those of Model 1 and

are comparable to those of Model 2 and in some cases (Denmark for female and Portugal

for males) its results are slightly better.

Country Model 1 Model 2 Model 3

Denmark 0.1350 0.1332 0.1245

England 0.1891 0.0717 0.1195

Portugal 0.1880 0.0960 0.1286

Spain 0.1553 0.0602 0.0704

U.S.A. 0.0830 0.0488 0.0635

Table 2: Mean absolute relative errors by model and country (Female).

Country Model 1 (logs) Model 2 (logs) Model 3 (logs)

Denmark 0.1316 0.1298 0.1230

England 0.1861 0.0718 0.1270

Portugal 0.1732 0.0901 0.1195

Spain 0.1529 0.0616 0.0718

U.S.A. 0.0869 0.0501 0.0676

Table 3: Mean absolute relative errors in logs by model and country (Female).
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Country Model 1 Model 2 Model 3

Denmark 0.2251 0.1448 0.1539

England 0.2534 0.0779 0.1332

Portugal 0.2364 0.2127 0.1836

Spain 0.1222 0.0614 0.0522

U.S.A. 0.0922 0.0488 0.0573

Table 4: Mean absolute relative errors by model and country (Male).

Country Model 1 (logs) Model 2 (logs) Model 3(logs)

Denmark 0.1999 0.1348 0.1423

England 0.2405 0.0786 0.1309

Portugal 0.2077 0.1778 0.1593

Spain 0.1191 0.0609 0.0518

U.S.A. 0.0918 0.0499 0.0581

Table 5: Mean absolute relative errors in logs by model and country (Male).

3.3 Forecasting Mortality Rates for Mexico, 2001-2010

Using the estimated model 3 for Mexico, we obtained the forecast for the factor at t=2010.

Following Model 3, we can predict the next decennial year, 2010. Thus,

f̂2010 = c+ f2000,

and

m̂mm2010 = aaa+ bbbf̂2010.

Once we have predicted the census mortality rates for the year 2010, we can estimate the

annual mortality rates for each group for the years between 2000 and 2010 using the inter-
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polation method of Guerrero and Silva (2010) with the smoothing equation:

ŶYY α = αYYY 2000 + (1− α)YYY 2010.

This equation is used to interpolate the data of the intermediate years taking α in the set

{0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9}. These last expressions provide the basis for building the

predictions, and Tables 6 and 7 provide the predictions for the mortality rates for Mexican

females and males, respectively. Those predictions are coherent with the predictions obtained

by Mina (2006).
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Age 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010

0-1 0.0194 0.0192 0.0190 0.0187 0.0185 0.0183 0.0181 0.0179 0.0177 0.0174

1-4 0.0036 0.0034 0.0033 0.0031 0.0030 0.0028 0.0027 0.0025 0.0024 0.0023

5-9 0.0012 0.0011 0.0011 0.0010 0.0010 0.0009 0.0009 0.0009 0.0008 0.0008

10-14 0.0013 0.0012 0.0012 0.0011 0.0011 0.0010 0.0010 0.0009 0.0009 0.0008

15-19 0.0021 0.0020 0.0018 0.0017 0.0017 0.0016 0.0015 0.0014 0.0013 0.0012

20-24 0.0025 0.0024 0.0023 0.0022 0.0021 0.0020 0.0019 0.0018 0.0017 0.0016

25-29 0.0031 0.0030 0.0028 0.0028 0.0026 0.0024 0.0023 0.0031 0.0021 0.0020

30-34 0.0040 0.0038 0.0037 0.0035 0.0034 0.0032 0.0031 0.0030 0.0029 0.0027

35-39 0.0058 0.0056 0.0055 0.0053 0.0051 0.0050 0.0048 0.0047 0.0046 0.0044

40-44 0.0086 0.0084 0.0081 0.0079 0.0076 0.0074 0.0072 0.0070 0.0068 0.0066

45-49 0.0141 0.0137 0.0133 0.0129 0.0126 0.0122 0.0119 0.0115 0.0112 0.0109

50-54 0.0231 0.0225 0.0218 0.0212 0.0205 0.0199 0.0194 0.0188 0.0182 0.0177

55-59 0.0362 0.0353 0.0344 0.0336 0.0327 0.0319 0.0311 0.0304 0.0296 0.0289

60-64 0.0568 0.0553 0.0540 0.0526 0.0513 0.0500 0.0488 0.0475 0.0463 0.0452

65-69 0.0848 0.0829 0.0810 0.0792 0.0774 0.0756 0.0739 0.0722 0.0706 0.0690

70-74 0.1267 0.1234 0.1202 0.1171 0.1141 0.1112 0.1083 0.1055 0.1028 0.1002

75+ 0.1886 0.1840 0.1796 0.1752 0.1710 0.1668 0.1628 0.1589 0.1550 0.1513

Table 6: Predictions of mortality rates, Mexico, 2001 to 2010 (Female).

27



Age 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010

0-1 0.0241 0.0238 0.0235 0.0232 0.0229 0.0226 0.0223 0.0220 0.0217 0.0214

1-4 0.0040 0.0037 0.0035 0.0033 0.0031 0.0029 0.0028 0.0026 0.0025 0.0023

5-9 0.0016 0.0016 0.0015 0.0014 0.0013 0.0013 0.0012 0.0011 0.0011 0.0010

10-14 0.0019 0.0018 0.0018 0.0017 0.0016 0.0016 0.0015 0.0014 0.0014 0.0013

15-19 0.0046 0.0045 0.0043 0.0042 0.0040 0.0039 0.0038 0.0036 0.0035 0.0034

20-24 0.0073 0.0071 0.0069 0.0067 0.0066 0.0064 0.0062 0.0061 0.0059 0.0057

25-29 0.0092 0.0089 0.0087 0.0084 0.0082 0.0080 0.0078 0.0075 0.0073 0.0071

30-34 0.0109 0.0107 0.0104 0.0101 0.0098 0.0096 0.0093 0.0091 0.0089 0.0086

35-39 0.0144 0.0141 0.0137 0.0133 0.0130 0.0127 0.0123 0.0120 0.0117 0.0114

40-44 0.0184 0.0179 0.0175 0.0171 0.0167 0.0163 0.0159 0.0155 0.0151 0.0148

45-49 0.0259 0.0254 0.0249 0.0244 0.0239 0.0234 0.0230 0.0225 0.0221 0.0216

50-54 0.0367 0.0360 0.0352 0.0345 0.0338 0.0331 0.0325 0.0318 0.0312 0.0305

55-59 0.0547 0.0538 0.0529 0.0520 0.0511 0.0503 0.0495 0.0486 0.0478 0.0470

60-64 0.0783 0.0768 0.0754 0.0740 0.0726 0.0713 0.0699 0.0686 0.0674 0.0661

65-69 0.1147 0.1128 0.1111 0.1093 0.1076 0.1059 0.1042 0.1026 0.1010 0.0994

70-74 0.1679 0.1644 0.1610 0.1577 0.1544 0.1513 0.1481 0.1451 0.1421 0.1391

75+ 0.2535 0.2488 0.2442 0.2396 0.2352 0.2308 0.2265 0.2223 0.2182 0.2142

Table 7: Predictions of mortality rates, Mexico, 2001 to 2010 (Male).
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4 Conclusions

The analysis of the mortality rates over the years allows us to predict the behavior of a

population, and it is therefore a useful tool for government institutions. Therefore, in this

paper, the methodology that was developed by Guerrero and Silva (2010) was used to es-

timate mortality rates for the years within each decade in Mexico during the period from

1940-2000. We considered the Lee-Carter model to estimate the mortality rates for the year

2010. Then, we proceeded to estimate the years within the decades using the interpolation

method of Guerrero and Silva (2010).

In conclusion, using the Lee-Carter model facilitated the estimation of the mortality

rates of 2010. According to the results, we can see that the proposed analysis procedure

for the Mexican case provided good results; these results were con�rmed by applying this

procedure to �ve countries: Denmark, England andWales, Portugal, Spain and United States

of America. The application of this methodology to the �ve countries indicates satisfactory

performance which is comparable with the one obtained by models that use annual data.
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